
A team scores an average of 1.5 
goals per 90 minute game. 
Assume the probability of two 
goals within 3 minutes of each 
other is small enough to neglect.

What is the probability of a goal in 
a 3-minute slot? 

Over 30 3-minute slots, what is 
the probability of:

0 goals?
1 goal?
2 goals?



Main points

Random variables like 
numbers of goals, floods, 
or horsekicks over a period 
follow the Poisson 
distribution

The expected value is λ, 
and the variance is λ too

Binomial distributions for 
large n and small p 
approximate Poisson
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The Poisson distribution: goals, floods, and 
horsekicks

Think of some similar processes

# Single yes-no events
# Happening, or not happening, more or less randomly

across a continuous stretch of time (or similar)



Use what we know already

Divide the 90 minutes 
of the football game 
into 30 three-minute 
slots. Treat each three-
minute slot as a toss of 
a biased coin with 
probability 1.5/30 
(=0.05) of coming up 
"goal" rather than "no 
goal". Use the binomial 
distribution to calculate 
probability of 0, 1, 2, 3, 
4, 5 goals...



Look at real life figures

Premier League, 2013-4 season, 
games to 6 October
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The mean number of goals per team per game is 1.093, 
so the probability of a goal in a three-minute slot is 0.036.

Use the binomial distribution to calculate the probability 
of 0 goals, 1 goal, 2 goals, 3 goals, 4 goals  

A pretty good fit - but 
a fiddly calculation



For goals, floods, horsekicks, and the like, the Poisson distribution 
enables us to find the probabilities much more easily, and more 
exactly since it is based on continuous time rather than dividing the 
time up into 30 (or however many) slots.

Let's see how we get this result. We 
do it by seeing what the binomial 
distribution gets closer and closer to 
as we divide the time into more and 
more slots.



We could be more accurate if we went for 90 one-minute slots, or 180 
thirty-second slots, or 5400 one-second slots. With the binomial 
distribution that means increasing n and decreasing p 
proportionately. The binomial distribution gets closer and closer to a 
simpler distribution, which is also more accurate!





Remember

and now we know

This is the Poisson 
distribution

So



The probabilities add up to 1 because of the 
Maclaurin series for eλ

= total of Poisson probabilities



We used the binomial distribution as an 
approximation, chopping the time into slots. The 
Poisson distribution is the answer if we take time as 
continuous. It is also a simple approximation for the 
binomial distribution with big n and small p.

0 1 2 3 4 5
0

10

20

30

40

50

60

70

80

90

Actual frequency

Binomial

Poisson



Use the Poisson distribution tables to find these answers:

1. In another football league, teams score an average of 2 goals per game, so 
λ = 2. What is the probability of 5 goals? Of 6 goals?

2. Martin makes an average of 2.5 silly mistakes on the whiteboard per maths 
double-lesson. What is the probability of him making 0 mistakes?

3. Tim's mum throws away, on average, 3 pages of his maths work every 
week. What is the probability of her throwing away less than 3 pages in a 
week?

4. Sunneth makes an average of 2 sharp and insightful comments per maths 
double-lesson, and an average of 2 silly mistakes. What is the probability of 
her making more than 3 sharp and insightful comments? What is the 
probability of her making 0 mistakes?

5. An average of 1.5 times per maths double-lesson Jason says he has no 
idea how to do a problem, but turns out on prompting to know exactly how. 
What is the probability of him saying that more than twice in a double-
lesson?

6. Jake uses the same letter for the variable of integration and for the limit of 
integration an average of once a double-lesson. What is the probability of him 
doing that three times in a double-lesson?



The Poisson distribution is cute

# It is defined by one number alone, 
the expected value λ.

# The variance is λ too.
The standard deviation is √λ.

# If you add two Poisson distributions, 
you get another Poisson distribution. 
So if goals scored per game have a 
Poisson distribution with λ=1.093, then 
goals scored per 2 games have a 
Poisson distribution with λ=2.186. 
Goals scored per 100 games have a 
Poisson distribution with λ=109.3

# You can use Poisson as a simpler 
approximation for binomial if n is 
bigger than about 20 and p is smaller 
than about 0.1.



The Poisson distribution looks like this



Remember the 19 
tosses of a dice with 
no threes?

The expected number of threes in 19 tosses is 3.167. Use the Poisson 
distribution as an approximation to the binomial (it's a bit cheeky, but it's ok) 
to work out in your head roughly what the standard deviation is.

Roughly how many standard deviations away from the expected value is a 
result of no threes?

Assuming that you can use the same rule of thumb as for the normal 
distribution, that the probability of being more than two standard deviations 
away from the expected value is a bit less than 5%. Roughly how probable is a 
result of no threes?

The probability of no somethings is only a bit less than six times the 
probability of no threes. So what is it, roughly?

From getting no threes in 19 tosses, should we think the dice is biased?
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