
Benford's Law
In many large datasets, the first digit is 1 about 30% of the time, and
9 less than 5%. Since these are data covering a large range, with a
small probability of any one precise value, we can treat the problem
as one of a continuous random variable.

The probability density function here is

f(x) = A/x for x ≥ 1 and x ≤ some upper limit

where A is a constant.



Question 1.

If the probability density function  is f(x) = A/x for x ≥ 1 and x ≤ some upper limit, what is the cumulative density 
function F(y) =

Question 2.

Why can the probability density function f(x) = A/x only be valid for x up to a certain number?

Question 3.

The probability density function

f(x) = A/x for x ≥ 1 and x < 1,000,000

f(x) = 0 for all other x

So A = 1/ ln(1,000,000) = 1/ [6.ln(10)] = about 0.0724

For x ≥ 1 and x < 1,000,000

What is the probability of the variable being between value x and value x plus C%? I.e. F(xz) - F(x), if we write z in place 
of (1 + C/100)?

Is that the same for all x? I.e. does this probability density function have the feature that the probability of the variable 
increasing by up to C% is the same at all levels?

Question 4: What is F(2) - F(1) i.e. the probability of x being between 1 and 2 (and so having leading digit 1)?

What is F(20) - F(10), the probability of x being between 10 and 20 (and so having leading digit 1).

If the continuous random variable X can be between 1 and 999,999, work out the total probability of x having leading 
digit 1 (i.e. being between 1 and 2, or between 10 and 20, or between 100 and 200, or between 1000 and 2000, or 
between 10,000 and 20,000, or between 100,000 and 200,000). 



Question 5: Using the same method as in Question 3, work out the probability of x having leading digit 9.

Question 6: Work out a table of the probabilities of x having leading digit 1, 2, 3, 4, 5, 6, 7, 8, and 9

Question 7: What is the formula for the probability of x having leading digit D?



Homework: for Tuesday 8.30am, please!

1. Next four questions from Ex. 3B
2. Ex. 4C Q.1
3. Ex. 1E Q.1


