
Fifteen tiles are put into a 4x4 tray. By using the empty slot
they can be rearranged without taking them out of the tray.

Which of the arrangements above can you rearrange to get
all the tiles in perfect order, 1 to 15, with the empty slot
bottom right?

Can you see a general rule for which arrangements can be
rearranged into perfect order?

There are 1,307,674,368,000 different arrangements of the
tiles. If you could check each arrangement in ten minutes,
and worked at it 24/7 without a rest, then it would take you
about 25 million years to check them all.



1   2   3   4 1   2   3   4  1   2   3   4

2   1   3   4 2   3   4   1  2   3   1   4

-----------------------------------------------------------------------------------------------

1   2   3   4 1   2   3   4  1   2   3   4

2   1   4   3 4   3   2   1  3   2   1   4

-----------------------------------------------------------------------------------------------

12   13   14   15  9   10   11   12    13   14   15   □

13   14   15   12  □   10   11   15     9   14   15   12



Claim: No odd permutation of the tiles can be reached by 
moving the blank and returning it to bottom right.

Proof: Think of the blank as a "no.16". Then each move of the 
blank is a swap of no.16 with another number in the list 
1,2,3,4.... 16. Therefore, the permutation done on that list by 
moving the blank is odd after an odd number of
moves, even after an even number of moves.

Think of the spaces in the tray as coloured like on a
chessboard. Every time the blank moves, it is to the
opposite colour square. To return to bottom right it
must make an even number of moves.

That even number of moves makes an even permutation of the 
list 1,2,3,4.... 15, 16 [blank]. Since blank is back where it was, it
makes an even permutation of the list 1,2,3,4..... 15.  □



Claim: You can get any even permutation of tiles from moves which end with the blank space back at bottom-right.

Proof: Now we will count the order of tiles in a snake-like pattern.

so that the original order counts as 1,2,3,4,8,7,6,5,9,10,11,12,15,14,13 Now moving the blank up or down leapfrogs a tile over 6, 4, 2, or no
next or previous tiles.

The advantage of counting this more complicated way is that the permutations of the original order are now 3-cycles, 5-cycles, or 7-cycles, 
and it enables us to use a known result about 3-cycles.

Moving the blank from place 3 to place 6 would mean that the previous 3rd tile becomes the 4th (since the 3rd tile was previously the one 
on the right-hand end of the first row), the 4th becomes the 5th, the 5th becomes the 3rd. We can write this as (3,4,5) Moving the blank 
from place 1 to place 8 would mean that the previous 1st tile becomes the 2nd (since the 1st tile was previously the one in the second 
place, the first place being blank); the 2nd becomes the 3rd,....., and 7th becomes the 1st.

Working this through, we get these possible permutations: (3,4,5); (2,3,4,5,6); (1,2,3,4,5,6,7) (7,8,9); (6,7,8,9,10); (5,6,7,8,9,10) (11,12,13); 
(10,11,12,13,14); (9,10,11,12,13,14 ,15) Multiplying those permutations gives us also all the other 3-cycles of consecutive tile-places: 
(1,2,3), (2,3,4), and so on.

For example, (1,2,3,4,5,6,7)-2.(3,4,5).(1,2,3,4,5,6,7)2 takes the previous 7th tile to 5th place, then to 3rd, then to 5th the previous 6th tile to 
4th, then to 5th, then to 7th the previous 5th tile to 3rd, then to 4th, then to 6th and so is (5,6,7).

3-cycles are even permutations. And we know that (for n≥3) the 3-cycles of a list of n items, when multiplied together, generate all the even
permutations.

This depends on the fact that all even permutations are the result of multiplying an even number of the simplest permutations (swaps).

The multiplication result (a,b).(c,d) can be got by (a,b,c).(a,d,c) .... (a,b).(b,c) can be got by (a,c,b) .... (a,b).(a,b) = leave things as they are =
(a,b,c)3 Now prove that just the 3-cycles of consecutive tile-places, 3-cycles like (1,2,3) or (3,4,5), are enough to generate all the 3- cycles, 
and therefore all the even permutations. We prove this by induction on the number n of items, which is ≥3.

For n=3, the only 3-cycles are (1,2,3), (2,3,1), and (3,1,2), in other words (1,2,3) and (1,2,3)2 and (1,2,3)3, so the claim is true for n=3

Step 2 of induction: prove claim true for n=k+1 if true for n=k If the claim is true for n=k, then we can generate all 3-cycles on the list 
(2,3,4...k+1) and all 3-cycles on the list (1,2,3...k). It remains to generate the cycles of type (1,b,k+1). Let c be another number between 1 
and k+1, then:

(1,b,k+1)=(c,b,k+1).(1,b,c)   □

Therefore, by induction, for all n the claim is true: just the 3-cycles of consecutive tile-places, 3-cycles like (1,2,3) or (3,4,5), are enough to 
generate all the 3-cycles, and therefore all the even permutations.

So we can get any desired even permutation of tile-order (ignoring the blank space) by moving the blank. Then we can move the blank 
along the snake-like pattern without changing the tile-order (in the way we're counting it here), and get the desired even permutation with 
the blank back at bottom right.    □


