
Notes for FP3 matrices and vectors

Online videos:

• https://mathsmartinthomas.wordpress.com/2015/12/23/inverting-matrices-using-the-casio-
991es-and-using-rref-video-clip/ (also covers Levi-Civita symbol)

• https://mathsmartinthomas.wordpress.com/2015/12/23/quaternions-video-clips/ 

• https://mathsmartinthomas.wordpress.com/2015/12/23/vector-equation-of-line-of-
intersection-of-2-planes-video-clip/

• https://mathsmartinthomas.wordpress.com/2015/12/23/distance-from-a-point-to-a-line-using-
vectors-video-clip/

These may be useful for revision

Overall notes for these sections:

• https://mathsmartinthomas.wordpress.com/2014/12/24/fp3-vectors-and-matrices/

"Don't do as the book says" notes

• https://mathsmartinthomas.wordpress.com/2015/02/27/dont-do-as-the-book-says-fp3-vectors/

"How to check your answers" notes

• https://mathsmartinthomas.wordpress.com/2015/05/20/checking-your-answers-in-fp3/



Equations of planes in 3D can be written in three ways

1. r.n = p where r is the variable vector, n is a direction vector perpendicular 
to the line, and p is a scalar

In this form,  if n is
"normalised", i.e. a unit
vector, then
p=distance D from the
origin to the plane

2. xn1 + yn2 + zn3 = p

3. r = a + λb + μc  where r
is the variable vector, s and
t are scalar parameters, b
and c are two direction
vectors in the plane, and a is a position vector for a point on the plane

Form 2 is the same as 1, but written out longhand.

To convert from form 3 to form 2, take n=b×c
Dot-product both sides of equation 1, and you get
r.n = a scalar = a.b×c

To convert from form 1 or 2 to form 3, put λ=y and μ=z.

Then n1x=p‒λn2‒μn3

y= λ
z= μ
so (x, y, z) = (p/n1, 0 , 0 ) +λ (−n2/n1, 1, 0 ) + μ (−n3 /n1, 0, 1 )
or indeed (x, y, z) = (p/n1, 0 , 0 ) +λ (−n2, n1, 0 ) + μ (−n3, 0, n1)



Equations of lines in 3D can be written as

1.  r = a + tb where r is the variable vector, s is a scalar parameter, b is a 
direction vectors for the line, and a is a position vector for a point on the line

2. (x-a1)/b1 = (y-a2)/b2 = (z-a3)/b3 (same as 1, but written out longhand, as long 
as b1, b2, and b3 are all non-zero

3. (r-a)×b = 0

4. r×b = a×b

Eigenvalues and eigenvectors



Dot product (also called scalar product or inner product)

The dot product of two vectors of length n

(a1, a2, a3, ... , an) and (b1, b2, b3, ... , bn) 

is

a1b1 + a2b2 + a3b3 + ... + anbn. It is equal to |a||b|cos θ, if θ is the angle between
the two vectors. 

Example: work, in mechanics. Work done by a force F when point of appli-
cation has displacement d

W = F.d

Cross product

Cross-product is defined only for vectors of length 3.

It is more like a genuine multiplication, because a
vector × a vector is a vector. It's a limited sort of
multiplication, because

with cross-product  u×v ≠ v×u
in fact

i× j=k   but  j ×i=−k
There is no equivalent of 1 (for multiplying numbers) or I (for multiplying 
matrices). There is no division. a × b × c may not equal  a × b × c

The cross-product of two vectors is at right angles (perpendicular or 
orthogonal) to those two vectors, and has maximum magnitude if those two 
vectors are at right angles (perpendicular at orthogonal) to each other.

Think about children and parents. The two parents have to be different, and 
maybe the results are best if they are very different, avoiding inbreeding as 
with the Royal Family. As you know, the child is always at right angles to the 
parents. Dot products for dating, cross products for raising a family.

Examples: Moment of a force F at point A around point B

M = r × F if r is the displacement vector from A to B

Motor force on wire with current I passing through electric field B

F = I × B



The dot product a.b = |a| |b| cos  ϴ

Why? (You don't have to know this for Edexcel)

Diagonalising a matrix means, basically, redoing our calculations with a different set of axes. 
We have a new x-axis which is the direction of the first unit eigenvector p1, a new y-axis which
is the direction of the second unit eigenvector p2, etc.
A vector described as v relative to the old axes will be described as P–1v relative to the new 
axes, if P is a matrix with the unit eigenvectors p1, p2, etc. as columns. The matrix which 
changes old-axes-coordinates into new-axes-coordinates must change p1 into (1,0,0,0...0), p2 
into (0,1,0,0...0), etc., in short P into I, the identity matrix. And P–1 is the matrix that does that:
P-1P = I
A transformation described as A relative to the old axes will be described as P–1AP relative to 
the new axes. Why? If a vector is y relative to the new axes, then it was Py relative to the old 
ones. It is transformed into something described as APy relative to the old axes, and so 
described as P–1APy relative to the new axes.

That's why we got P–1AP in diagonalising.

The formula that new description = P–1AP is valid for any set of new axes defined by the 
columns of P, whether or not those new axes are the eigenvectors of this or that matrix..

And P–1 = PT is valid as long as p1, p2, etc. are all at right-angles (orthogonal) to each other.

So to work out a.b, choose new axes described by a matrix P of unit vectors all at right angles 
to each other.

a will now be described as a'=PTa and b as b'=PTb 

a'.b' = matrix product (a')Tb' = (PTa)T(PTb) = aTPPTb = aTb [since PPT = Identity matrix] = a.b 

In other words, a.b is invariant (comes out the same) whatever axes we choose.

Choose axes at right-angles to each other so that the new x-axis is along the direction of b and
a is in the x-y plane

Then a.b = x-coordinate of a times length of b = |a| |b| cos  ϴ

Edexcel does not expect you to know why a.b = |a| |b| cos  ϴ, or why you get P–1AP in 
diagonalising.

Why i × j = - j × i

On one level the answer is just that it's defined that way. No-one did an experiment with lots 
of vectors and measured results.

Explanation one.

i × j = a unit vector perpendicular to i and j

But there are two unit vectors perpendicular to i and j (one "up" and one "down", no?) It 
would be unsymmetrical if both i × j and j × i equalled one of those perpendicular vectors.

Likewise i × j = one area, pointing "up", and j × i = the "same" area, but not quite the same, 
because it's pointing "down".

Explanation two.

If we are going to have the neat "circle" rule for multiplications in quaternions

i . j = k ... k.  i = j ... j . k = i

then (i.j)2 = k2 = -1. Therefore ijij = -1

If ji = ij, we would have iijj = -1, i.e. -1 × -1 = -1, which is wrong

The only way to make it work is to have ji = - ij; then ijij = - iijj = -1

Cross products, dot products, and quaternions:
see https://mathsmartinthomas.wordpress.com/2015/12/23/quaternions-video-clips/



Line of intersection of 2 planes

The direction v of the line where the planes meet is perpendicular to both n1 
and n2 , so

v =  n1×n2 will do

So in example 29 on p.122, the direction of the line where the planes meet 
must be  

(2i-2j-k)×(i-3j+k), which is -5i-3j-4k

To make things easier, change that to 5i+3j+4k (same line, whether we count 
the direction positive or negative)

We want a point on the line where the planes meet. Put z=0 in both of the 
plane equations, and we get:

2x - 2y = 2

x - 3y = 5

Solve: y=-2, x=-1

(If putting z=0 doesn't work, try y=0 or x=0. One of them must work).

(-1,-2,0) is a point on both planes, and so on the line of intersection 

The line where the planes meet (line of intersection) is r = -i - 2j + 
λ(5i+3j+4k)

Example 29 on p.122 gives a longer method with a more complicated answer 
which describes the same line.



Distance from a point to a plane

Write the plane in form r.n=D where n is a unit vector 

Then if s is the point at which a perpendicular from the origin meets the 
plane, s is in the same direction as n, and s.n = |s|.|n| = D, so D =|s|
So the distance from the origin to the plane is D.
(Example 32 in the book makes this more complicated than it need be).
To get the distance to the plane from a point t which is not the origin
r.n=E where E=t.n is  a plane parallel to the first one but going through t
Distance from t to first plane = E-D

Shortest distance from a point to a line

Let the point be s and the line be r = a + t b written so
that b is a unit vector

Then the area of the parallelogram shown = shortest
distance × 1 

= | (s - a)×b |

Say the point is (1, 2, -1) and the line is r=i+j-3k +
μ(2i-2j-k)

Rewrite line as r=i+j-3k + μ(2i/3-2j/3-k/3)

Shortest distance =

| [(1,2,-1)-(1,1,-3)]×(2/3,-2/3,-1/3) | = √29/3

(Example 37 in the book makes this more
complicated than it need be).

Shortest distance between two parallel
lines

Choose any point you like on the first line,
and use the method above to find the shortest distance from that point to the 
second line.

(Both methods in Example 34 in the book make this more complicated than it 
need be).



Distance between two skew (not-parallel) lines

Write the lines as r1 = a1 + λ1b1 and r2 = a2 + λ2b2

The shortest distance line is perpendicular to both b1 and b2, and thus in 
direction b1×b2. Call its length s.

The shortest-distance line meets the first line at some point a1 + λ1b1 and the 
second point at some point a2 + λ2b2

The shortest-distance vector connecting those two points is

(a1 + λ1b1 - a2 - λ2b2)

(a1 + λ1b1 - a2 - λ2b2).(b1×b2) = s.|b1×b2| since both vectors are in same 
direction

s = (a1 - a2).(b1×b2)/|b1×b2|

Example 35 on page 127 has basically the same method, but makes this more 
complicated than it need be.


