
Equations of planes in 3D can be written in three ways

1. r.n = p where r is the variable vector, n is a direction vector perpendicular 
to the line, and p is a scalar

In this form,  if n is
"normalised", i.e. a unit
vector, then
p=distance D from the
origin to the plane

2. xn1 + yn2 + zn3 = p

3. r = a + λb + μc  where r
is the variable vector, s and
t are scalar parameters, b
and c are two direction
vectors in the plane, and a is a position vector for a point on the plane

Form 2 is the same as 1, but written out longhand.

To convert from form 3 to form 2, take n=b×c
Dot-product both sides of equation 1, and you get
r.n = a scalar = a.b×c

To convert from form 1 or 2 to form 3, put λ=y and μ=z.

Then n1x=p‒λn2‒μn3

y= λ
z= μ
so (x, y, z) = (p/n1, 0 , 0 ) +λ (−n2/n1, 1, 0 ) + μ (−n3 /n1, 0, 1 )
or indeed (x, y, z) = (p/n1, 0 , 0 ) +λ (−n2, n1, 0 ) + μ (−n3, 0, n1)



Line of intersection of 2 planes

The direction v of the line where the planes meet is perpendicular to both n1 
and n2 , so

v =  n1×n2 will do

So in example 29 on p.122, the direction of the line where the planes meet 
must be  

(2i-2j-k)×(i-3j+k), which is -5i-3j-4k

To make things easier, change that to 5i+3j+4k (same line, whether we count 
the direction positive or negative)

We want a point on the line where the planes meet. Put z=0 in both of the 
plane equations, and we get:

2x - 2y = 2

x - 3y = 5

Solve: y=-2, x=-1

(If putting z=0 doesn't work, try y=0 or x=0. One of them must work).

(-1,-2,0) is a point on both planes, and so on the line of intersection 

The line where the planes meet (line of intersection) is r = -i - 2j + 
λ(5i+3j+4k)

Example 29 on p.122 gives a longer method with a more complicated answer 
which describes the same line.



Distance from a point to a plane

Write the plane in form r.n=D where n is a unit vector 

Then if s is the point at which a perpendicular from the origin meets the 
plane, s is in the same direction as n, and s.n = |s|.|n| = D, so D =|s|
So the distance from the origin to the plane is D.
(Example 32 in the book makes this more complicated than it need be).
To get the distance to the plane from a point t which is not the origin
r.n=E where E=t.n is  a plane parallel to the first one but going through t
Distance from t to first plane = E-D

Shortest distance from a point to a line

Let the point be s and the line be r = a + t b written so
that b is a unit vector

Then the area of the parallelogram shown = shortest
distance × 1 

= | (s - a)×b |

Say the point is (1, 2, -1) and the line is r=i+j-3k +
μ(2i-2j-k)

Rewrite line as r=i+j-3k + μ(2i/3-2j/3-k/3)

Shortest distance =

| [(1,2,-1)-(1,1,-3)]×(2/3,-2/3,-1/3) | = √29/3

(Example 37 in the book makes this more
complicated than it need be).

Shortest distance between two parallel
lines

Choose any point you like on the first line,
and use the method above to find the shortest distance from that point to the 
second line.

(Both methods in Example 34 in the book make this more complicated than it 
need be).



Distance between two skew (not-parallel) lines

Write the lines as r1 = a1 + λ1b1 and r2 = a2 + λ2b2

The shortest distance line is perpendicular to both b1 and b2, and thus in 
direction b1×b2. Call its length s.

The shortest-distance line meets the first line at some point a1 + λ1b1 and the 
second point at some point a2 + λ2b2

The shortest-distance vector connecting those two points is

(a1 + λ1b1 - a2 - λ2b2)

(a1 + λ1b1 - a2 - λ2b2).(b1×b2) = s.|b1×b2| since both vectors are in same 
direction

s = (a1 - a2).(b1×b2)/|b1×b2|

Example 35 on page 127 has basically the same method, but makes this more 
complicated than it need be.


