
THREE DIMENSIONAL VECTORS PRACTICE NOTES

By convention the vector a = (
a1

a2

a3
) , and b = (

b1

b2

b3
) , and so on. r = (

x
y
z)

There are two sort of half-multiplications for three dimensional vectors.

a.b gives an ordinary number (not a vector) which measures how well the two vectors 
cooperate. It's dating-agency multiplication. Or it measures how a force on an object, 
and a distance moved by the object, cooperate to do work on the object.

1. What is a.a?

2. If a.b = 0, what does that tell us, 
geometrically?

3. How can you use dot product to calculate 
the angle θ between the two vectors a and b?
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There is another sort of half-multiplication,  a×b, which gives us a vector as an 
answer.

The turning effect (moment) of a force F applied with a lever distance r is r×F 
in a direction perpendicular to both F and r (out of the page in the diagram).

Or think of it as a family:

mum×dad = daughter, and the daughter is at right angles to both mum and dad.

4. How can you calculate a×b using the angle θ between the two vectors?

5. What is a×a?

6. If a×b = 0, what does that tell you, geometrically?

7. How can we calculate a vector which is perpendicular 
to both a and b? 

8. What is the area of the parallelogram between a and b?

9. What is the area of the triangle between a and b?
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10. If you start going from a point a and go in direction b - so you can add to a, or subtract from it, as many multiples of b as you like 
- what is the formula for the points r on that line using a parameter t to represent the number of bs you add ?

11. Another way of saying that is that r − a is in the same direction as b. Or that the distance of r from the line is zero. How do you 
write those as a vector equation?

12. Write the vector equation r − a = tb out as three ordinary equations, one for x, one for y, one for z.

Remember a = (
a1

a2

a3
) ,  b = (

b1

b2

b3
) , and  r = (

x
y
z)

What is the connection between 
x−a1

b1

, 
y−a2

b2

, and 
z−a3

b3

?

That connection is called the _________ equation of the line
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13. If a point r is in the plane shown, n is a displacement vector normal (i.e. perpendicular) to 
the plane, and a is the point in the plane where n goes through the plane:

what is (r − a).n ?

what is r.n − a.n ?

how can you write an equation for the plane in terms of r, n, and a particular number (call it 
p) ?

what does that number p tell you about the plane?

14. r = (
x
y
z) and n = (

n1

n2

n3
) . Write out the equation r.n=p as an equation in x, y, z.

That equation in x, y, z is called the __________________ equation of the plane.

15. Here's another plane. You know a position vector in it, a, and two displacement vectors in it, 
b and c. How can you calculate a normal (perpendicular) to the plane, n, and the number p, to get 
an equation for this plane in form  r.n=p ?

16. How can you write the equation of the plane using a, b, c and two parameters λ and μ?

17. How can you get from that equation using a, b, c and two parameters λ and μ to an equation like r.n=p ?
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18. Here's yet another plane. You know three position vectors in it, a, b, c. How do you find 
an equation like r.n=p for it?

19. How can you get an equation for the plane using a, b, c and two parameters λ and μ?

20. An equation r.n=p becomes a cartesian equation just by writing it out in full:  xn1 + yn2 + zn3 = p

You have lots of choices on how to transform it into an equation of form r = a + λb + μc. To make the number of choices manageable, 
you limit your choices by choosing a and b to be in the xz plane (y=0) and a and c to be in the xy plane (z=0). So a is the single point 
where the plane crosses the x-axis; b is the single line at which the plane crosses the xz plane; c is the single line at which the plane 
crosses the xy plane. That means, in algebra, λ=y, μ=z.

Work through that transformation to get xn1 + yn2 + zn3 = p into a 
form r = a + λb + μc.

21. What does normalising a vector mean?

22. How do you calculate the normalised vector ĉ from a vector c?

23. Is there only one correct answer for ĉ ? 

24. Why would you normalise:

a) eigenvectors of a matrix

b) a normal vector n of a plane ?
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25. How do you calculate the acute angle between two vectors a and b ? 

26. How do you calculate the acute angle between two planes  r.n1=p1 and  r.n2=p2 ?

27. How do you calculate the acute angle between a line with direction 
vector b and a plane r.n=p ?

28. How do you work out the distance of the 
plane r. n̂ = e from the parallel plane
r. n̂  = d, if n̂ is normalised?

29. How do you work out the distance of the point a (which by definition is in the plane r.n=a.n) from the plane r. n̂  = d ?

30. You want the line of intersection of the planes r.n1 = p1 and r.n2 = p2. How do you work out the direction vector of that line?

31. To get a position vector on that line, you have a lot of choices, so to make it 
manageable you limit it to the point which is both on that line and in the yz plane 
(i.e. x=0). How do you work that out?
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32. What are skew lines?

33. How do you work out the shortest distance between the skew lines 
r = a1 + tb1 and r = a2 + sb2 ?

34. How do you work out the distance 
between the point s and the line r = a + t

b̂  (with b̂ normalised)? (Think: get 
the area of a triangle formed by the vectors 

s − a and b̂ from a vector multiplication, 
and then from half base times height. Equate the two answers).

35. How do you work out the distance between two parallel lines r = a1 + tb and
r = a2 + sb (same b in the two equations)?
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36. What is the volume of the parallelepiped (squashed box) defined by the 
three vectors a, b, c ?

37. How do you write that volume as a determinant ?

38. What is a tetrahedron?

39. What is the volume of the tetrahedron defined by the three vectors u, v, w ?
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