
The textbook defines determinants "inductively" (i.e. 3×3 determinants from 2×2 
determinants, 4×4 determinants from 3×3 determinants, etc.) as in:

|
A11 A12 A13

A21 A22 A23

A31 A32 A33
|=A11|A 22 A23

A 32 A33
|−A12|A21 A23

A31 A33
|+A13|A21 A 21

A31 A 32
|

We can spell this out as:

A11 A22 A33−A11 A23 A32−A12 A21 A33+A12 A23 A31+A13 A21 A32−A13 A22 A31

That's a long way of writing. It would be 24 terms for a 4×4 determinant; 3,628,800 for a 
10×10 determinant. We can sum it up neatly as:

sum over all i, j, k of ε ijk A1i A2 j A3k

where ε ijk = +1 if ijk is an even permutation (swapping-round) of 123, like 123 which can 
be got by zero swaps, and 312 which can be got by two swaps

ε ijk = −1 if ijk is an odd permutation (swapping-round) of 123, like 132 or 213, each of 
which can be got by one swap

and ε ijk = 0 if ijk is not a permutation of 123, like 113 or 789 or such. This shows us:

• If we swap two rows of a determinant, then we multiply it by minus one. For example, 
if we swap rows 1 and 2 of A, then:

sum over all i, j, k of ε ijk A2 i A1 j A3k

which is the same as sum of ε jik A1 i A2 j A3k ; and by definition ε jik=−ε ijk

• If two rows of a determinant are the same, then the determinant is zero. (Swap those 
two rows, and the determinant is the same. So minus the determinant = plus the determinant. 
Therefore the determinant equals zero).

• If you add or subtract any multiple of one row to another row, then the determinant is
not changed. Sum of ε jik (A1 i+k A2 i)A2 j A3 k is sum of ε ijk A1i A2 j A3k plus sum of

ε ijk k A 2i A 2 j A 3k , i.e. sum of the original determinant plus k times a determinant in 
which two rows are the same, or in other words plus zero.

• You can calculate determinants from the first column as well as the first row.

|
A11 A 12 A13

A21 A 22 A23

A31 A 32 A33
|=A11|A 22 A23

A 32 A33
|−A 21|A12 A13

A32 A33
|+A31|A12 A13

A 22 A23
|



The inverse of a matrix A is the transposed matrix of cofactors CT
 divided by det(A)

1
det (A) (

C11 C21 C31

C12 C22 C32

C13 C23 C33
)

C12, for example, is the cofactor of A12 , meaning what you'd multiply A12 by if you were 
working out the determinant. The minor of A12 (for example) is the determinant got by 
crossing out the row and column which A12 are in

|
X X X
A21 X A23

A31 X A33
| or |A21 A23

A31 A33
|

and the cofactors are the minors with signs corrected according to this pattern

The process of correcting the signs and transposing the matrix means that when you multiply

 (
A11 A12 A13

A 21 A22 A23

A 31 A32 A33
).(

C11 C21 C31

C12 C22 C32

C13 C23 C33
)

the (2,2) element of the result, for example, is the row

(A21 A22 A23) times the column (C21 C22 C23), which means multiplying every term in the row 
by its correct cofactor, or calculating the determinant starting from that row. (You can 
calculate the determinant starting from any row. I don't recommend that as a practical thing, 
since it's easy to get mixed up with signs).

So the (2,2) element, or any other diagonal element, equals the determinant.

The (2,1) element, for example, is (A21 A22 A23) times the column (C11 C12 C13), which means 
calculating the determinant

|
A21 A 22 A23

A21 A 22 A23

A31 A 32 A33
| , which is zero. The same for every other off-diagonal element.

So A.CT = |det A 0 0
0 det A 0
0 0 det A|


