
The shape of the answer 
 

"Face problems with a minimum of blind calculation, a maximum of seeing thought". 

- Hermann Minkowski 

 

Sometimes we can solve a problem, or get a long way to the solution, by seeing the 

shape of the solution rather than detailed calculation. 

 

Example: A triangle has sides a, b, and c. What is its 

area? We can get a good idea for a formula, if not 

quite prove it, just by looking at what shape it must 

have. 

 

Why are these answers the wrong shape? What does thinking about each one tell us 

about the right shape? 

 

A = abc/6 

 

A = (ab + c)/4 

 

A = (ab + bc)/4 

 

A = (ab + bc + ca)/6 

 

After thinking these through we know three things about the shape of the formula: 

 

1. 

 

2. 

 

3. 

 

We'll construct the formula just by thinking about what formulas fit that shape. 

 

Then we'll use this shape-of-the-answer reasoning on some MAT problems. 
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Year 12 Further Maths. Project for 11-12 June: 

using symmetry to solve problems 

 

https://mathsmartinthomas.wordpress.com/2015/05/21/mat-project-using-symmetry-to-
solve-problems/ 

Sometimes we can solve a problem with less detailed calculation, or no detailed calculation at all, 
by seeing how the problem determines the shape of the solution. 

We will use examples from the MAT test to learn this method. MAT is a test run each November 
(the 2015 test is on 4 November) and used by Oxford University and Imperial College London to 
select students for their maths courses. A good result in MAT may also help you with applications 
for other courses and other universities. 

Here’s a simple example, a multiple-choice question from the 2014 MAT exam. 

The inequality x4 < 8x2+9 is satisfied precisely when: (a) −3 < x < 3; (b) 0 < x < 4; (c) 1 < x < 
3; (d) −1 < x < 9; (e) −3 < x < −1. 

The inequality has only even powers of x in it, so it’s true for x it’s true for −x. Therefore 
theshape of the interval for which it is satisfied must be: symmetrical around zero. Therefore the 
answer is: 

(a) −3 < x < 3. 

Now try the multiple-choice problems in this worksheet. For each question, write your 
answer – your reasoning for the multiple-choice option you’ve selected – in your book. 
Please work in pairs, but each student in the pair should write an answer in her or his own 
book. 

You can see full solutions for the exams from which I have taken questions 
herehttps://www.maths.ox.ac.uk/system/files/attachments/websolutions14.pdf and 
https://www.maths.ox.ac.uk/system/files/attachments/websolutions13_0.pdf. The official solutions 
are sometimes unnecessarily long-winded, because they want to explain why you get the exact 
answer, rather than why you can tell which of the multiple-choice options is right. 

For each question, a hint is given at the end of the worksheet. Look at the hint only if you’ve 
already spent ten minutes on the question and you are still baffled. 

If you finish all these problems and still have time, attempt some other questions from the 2014 
MAT paper: https://www.maths.ox.ac.uk/system/files/attachments/test14.pdf  

The shape of the answer

2016 test is on 2

5

https://mathsmartinthomas.files.wordpress.com/2015/05/butterfly.jpg


2 
 

 

1. Multiple-choice question B from 2014 MAT exam 

 

2. Multiple-choice question D from 2014 MAT exam 

 

 

3. Multiple-choice question F from 2014 MAT exam 

The functions S and T are defined for real numbers by: 
S(x) = x + 1; and T(x) = −x 
The function S is applied s times and the function T is applied t times, in some order, 
to produce the function F(x) = 8−x 
It is possible to deduce that: (a) s = 8 and t = 1. (b) s is odd and t is even. (c) s is even and 
t is odd. (d) s and t are powers of 2. (e) none of the above. 

 

  

https://mathsmartinthomas.files.wordpress.com/2015/05/test14b.jpg
https://mathsmartinthomas.files.wordpress.com/2015/05/test14d.jpg
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4. Multiple-choice question G from 2014 MAT exam 

Let n be a positive integer. The coefficient of x3y5 in the expansion of 
(1 + xy + y2)n equals (a) n; (b) 2n; (c) nC3; (d) nC5; (e) 4nC4; (3) nC8 

Explanation: nC3 means the number of different ways of choosing 3 things (in any order) out of n 
things. Your calculator has a key for it (shift-divide). Usually these days, and in MAT papers,nC3 is 
written instead as: 

 

 

5. Multiple-choice question H from 2014 MAT exam 

 

 

6. Multiple-choice question J from 2014 MAT exam 

 

 

  

https://mathsmartinthomas.files.wordpress.com/2015/05/nc3.jpg
https://mathsmartinthomas.files.wordpress.com/2015/05/test14h.jpg
https://mathsmartinthomas.files.wordpress.com/2015/05/test14j.jpg
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7. Multiple-choice question C from 2013 MAT exam 

The functions f, g and h are related by: f′(x) = g(x + 1), g′(x) = h(x − 1). It follows that f′′(2x) 
equals (a) h(2x + 1); (b) 2h′(2x); (c) h(2x); (d) 4h(2x). 

 

8. Multiple-choice question D from 2013 MAT exam 

 

 

9. Multiple-choice question H from 2013 MAT exam 

The area bounded by the graphs y = √(2−x2) and x + (√2 − 1)y = √2 equals: (a) (sin√2)/√2; (b) 
π/4 − 1/√2; (c) π/2√2; (d) π2−6. 

 

10. Multiple-choice question I from 2013 MAT exam 

The function F(k) is defined for positive integers by F(1) = 1, F(2) = 1, F(3) = −1 
and by the identities F(2k) = F(k), F(2k + 1) = F(k), for k≥2. The sum F(1) + F(2) + F(3) + · · · 
+ F(100) equals (a) −15; (b) 28; (c) 64; (d) 81. 

 

  

(not a MAT question, but an adaptation of an AEA question)

A goat is tethered to a square barn in the middle of a large grassy field. Where on the barn should the tether be 
attached to give the goat maximum grazing area? Can you prove your answer?

11. (Not a MAT question, but a question used for an Oxford university science interview)

Escape velocity from Earth is about 11,000 metres per second, and the radius of the Earth is about 6,000,000 metres. A good 
high-jumper can jump at about 6 metres per second (you can work this out from the fact that a good high jump is about 2 
metres). How small would an asteroid (of similar density to Earth) have to be that you could reach escape velocity from it just 
by jumping?

You can assume that the tether is short enough that there is no "overlapping" of grazing area, i.e. no area that 
might be counted twice because the goat can reach them winding round the barn either way.

https://mathsmartinthomas.files.wordpress.com/2015/05/test13d.jpg


HINTS: 1. Write the function as log [(x−1)2 +1], and you see its graph must be symmetrical around x=... 
what?

2. The symmetry here is that the distance of the reflection from the origin must be the same as the distance
of (1,0) from the origin, namely 1

3. You can get to 8−x by t=1 and s=8. The question is, what further applications of S and T will be 
“symmetrical” in the sense of bringing us back to where we started.

4. Since there are no ways you can choose 8 things out of 5, or whatever, n Cr is zero until n≥r. So the 
question reduces to: from what value of n do there start to be x3y5 bits in the expansion?

5. The symmetry here is that F goes through the same pattern of increase in every cycle of six numbers, 
n=1 to 6, n=7 to 12, n=13 to 18, etc.

6. The integral of f(x) from −1 to 1 is just a number. Call it A. Since the interval [−1,1] is symmetrical 
around x=0, the integral of f(−x) from −1 to 1 is the same as the integral of f(x) from −1 to 1. It is A.

7. If F(x) = the grazing area as a function of the distance x from the nearest midpoint of a side, then F(x) is 
symmetric in what way? You can see just by drawing a diagram that F reaches a maximum at a corner if the
tether is shorter than the perimeter of the barn. It's a little trickier to prove that when the tether is longer 
than the perimeter.

8. The function is in terms of x and (y+1) , so the graph must be symmetrical around the line x=0 and 
around the line y=−1

9. Sketch the area. It's a sector of a circle minus a triangle. So the answer will be a circle-type area minus a
triangle-type area. What will that look like in terms of how π and surds appear in it?

10. F repeats its values, so all its values are either 1 or −1. The −1 values come in patches. What is the 
pattern of those patches?

11. The escape velocity will be a function of the mass of the astronomical object, its radius, and the 
gravitational constant G. Work out what the dimensions of G are, and then just thinking about dimensions 
will give you the shape of the formula connecting escape velocity to G, mass, and radius.



ANSWERS: 1. The graph must be symmetrical around x=1, and when x=1, y=log 1 = 0, so it must be (e).

• Or: you can also do this without using symmetry at all, just by looking at an easy special case: x=1. When 
x=1, y=0, and just that fact tells you the answer must be (e).

2. The reflected point must be the same as (1,0) in terms of distance from the origin. So it must have 
distance from the origin = 1 whatever m is. So it must be (d).
• Or: Look at an easy special case: m→∞ (when the line y=mx is the y-axis). Then (1,0) reflects to
(-1,0), and (d) is the only option which fits.
• Or: x for the reflected point can be anything between -1 and 1, and y for the reflection can be anything 
between −1 and 1. So the formulas for x and y for the reflected point must be formulas which give all 
values in [−1,1] but no values outside. So, (d).
• Or: re-imagine your diagram as the complex plane. Then z=[1/√(1+m2)](1+mi) is the point where the unit 
circle meets the line y=mx, and the reflected point is z2=[1/(1+m2)](1−m2+2mi), so (d)

3. TT bring us back where we started, and so does STST or TSTS. Either way, that's adding an even number
of Ts and an even number of Ss to the one T and 8 Ss. So, (c): odd number of Ts, even number of Ss.

4. There is an x3y5 bit in the expansion if and only if n≥4. So the formula for the coefficient of x3y5 must be 
one that >0 if and only if if n≥4. So, (e).

5. The increase over each cycle of six numbers is the same. So the answer must be a multiple of 1000; so, 
(c).

6. Integrate the equation. 12+A=2A+3A ∫
−1

1

x 2 dx , so A=4, and it's (a).

7. Symmetry tells us that the formula F(x) for the area in terms of the distance x
of the tether from the midpoint is the same for every midpoint; and F is
symmetric around x=0. Suppose x increased by a small amount δx. Then δF = 0
[for the grazing area above the broken horizontal line in the diagram; that
doesn't change]+ δx.(perimeter on the right below the broken line, clockwise to
the cusp A if the tether is long enough to wind round the barn, or to the furthest
clockwise stretch round the barn wall if the tether is shorter) − δx.(perimeter
on the left below the broken line, anticlockwise to the cusp A or to the furthest
anticlockwise stretch) + terms of order (δx)2. But the perimeter on the right >
perimeter on left. So dF/dx>0 (for x>0). Therefore F has a maximum at a corner
(x=a or x=−a).

8. (b) is the only graph symmetrical around x=0 and y=−1.

9. The answer must be a "π" bit minus something with √2 bits. So it's (b).

10. The −1 values come in patches of 1, 2, 4, 8... (each patch doubling the previous one). So, up to 100, you 
get the patches 1, 2, 4, 8, 16 (total 31), plus the first five of the 32-patch, in all 36 ×−1 values. Then 64 × 1 
+ 36 ×−1 gives us 28, or (c).

11. Force = mass × acceleration = mass × length × (time)−2 = G × mass × mass ×(length)−2

so G has dimensions (mass)−1×(length)3×(time)−2

So if the formula for escape velocity is GaMbRc (M=mass of the asteroid or planet, R=radius)
the dimensions of GaMbRc are length×(time)−1

so b−a=dimensions of mass on right-hand side of formula = dimensions of mass on left-hand side = 0
−2a=−1 by comparing dimensions of time, 3a+c=1 by comparing dimensions of length
so a=b=½, c=−½
so escape velocity = a number × √(GM/r) [as it happens, if you do the physics, √(2GM/r)]
with the same density, M is proportional to r3, so escape velocity is proportional to r
So the radius of the asteroid is 6,000,000 × (6/11,000), or a bit more than 3000 metres.


