
Learning what mathematical proofs are and how to 
write them

Starters (to do on the whiteboard)

1. Prove that if you add any two consecutive numbers, the
answer is odd.

I.e. that the pattern 2+3=5, 3+4=7, 4+5=9

continues for ever.

2. Prove that the square of a number is even if and only if the number is 
even.
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Claim: If you add any two consecutive numbers, the answer is odd.

Proof: Let n be the first of the two numbers.

Then the second is n+1

So the sum of the two numbers is 2n+1

But when (2n+1) is divided by 2 the remainder is 1

Therefore the sum is odd.   □

Claim: The square of a number is even if and only if the number is even

Proof: Call the number n.

First prove n even => n2 even

If n is even then n=2m for some m

Then n2 = 4m2, so n2 is even.

Now prove n2 even => n even

We prove this by contradiction. Suppose n is odd. Then n=2m+1 for some m

So n2 = 4m2 + 4m + 1

Therefore n2 is odd. So n can't be odd if n2 is even. So n2 even => n even.    □ 
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Another example of proof

Claim: The angle subtended by an arc of a circle at the centre is twice the angle subtended by 
the same arc at the circumference.

Proof: First, suppose the point at the circumference is relatively "in the middle", so that the 
centre of the circle O is within the angle subtended by the arc at
the circumference

OC = OA = OB because they are all radii of the circle, so OAC
and OBC are isosceles triangles

Therefore the two angles marked α are equal, and the two angles
marked β are equal

By claim A3 (angles of triangle add up to 180), angle CXO = 180 –
2α and angle CYB = 180 – 2β

Since a complete circle adds up to 360, angle AOB = 360 – (180–
2α) – (180–2β) = 2α + 2β

But the angle at the circumference = angle ACB = α +β

Therefore, the angle at the centre = twice the angle at the circumference.
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Now consider the case when the point at the circumference is "off on one side" and the centre O 
is not within the angle subtended by the arc at the circumference.

OAP and OBP are isosceles triangles.

Therefore the two angles marked α are equal, and the two angles 
marked β are equal

Since the angles of triangleBXP add up to 180, angle BXP = 180 - 
(β–α) – β = 180 -2β + α

Since vertically opposite angles are equal, angle AXO = 180 -2β + α

Since the angles of triangle AOX add up to 180, angle AOX = 180 - 
(180 -2β + α) – α = 2β – 2α

But angle APB = β – α

Therefore, the angle at the centre = twice the angle at the circumference in this case too  □
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There is no “formula” for finding proofs

There are some hints. Write the problem in the clearest mathematical terms you can. Sometimes
just that is enough to help you see the proof. Example: sum of two consecutive numbers is odd.
Draw a large, clear picture if you can.

Think of different ways to see the problem. The proof of the circle theorem depends on seeing
the circle not as a round thing, but as a lot of isosceles triangles with vertex at the centre. Try to
break down the problem into easier parts or cases (like the circle theorem). Keep on trying
different approaches. Use imagination.

A proof is not a proof unless it is clear and convincing

In court, criminal charges must be proved “beyond reasonable doubt”. Mathematical proofs
must be better. They have to be beyond any doubt. All the proofs in the first-ever book of
mathematical proofs, Euclid’s Elements, written 2300 years ago, are still valid.

A prosecution lawyer must state the charges clearly and construct her or his argument logically
and clearly. Mathematicians must do better. State the claim clearly. Use a new line for every
sentence in the proof. Each sentence must follow logically from the sentences before it. Define
what you mean by every variable, x, y, z, and so on.

Some symbols help keep proofs short. Blah => Blee means "if Blah, then Blee". Blah <=> Blee
means "Blah if and only if Blee".  ∴ means "therefore". The Halmos stop □ means "And that's
what I wanted to prove". ∈ means "is a member of", so for example 2 ∈ ℤ and 2 ∈ ℤ+. ℤ means
"the set of whole numbers", and ℤ+ means "the set of positive whole numbers". (ℤ for Zahl,
German for number, because Germany, especially Göttingen and Berlin, was the world centre of maths in the 19th
century and until 1933).
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Halmos stop, died in 2006
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before 1933



Mathematical proof is quite different from checking 
claims by experiment
π(n), the number of prime numbers less than n, is approximated by a function called the logarithmic integral 
Li(n). For every n which has ever been tested, π(n)< Li(n). But the mathematician J E Littlewood proved that for 
some n, π(n)> Li(n). (We know that those n are greater than 10316). Mathematical proof is different from 
experimental testing, and may disprove all the experimental testing we can actually do. 

Mathematical proof can surprise us
For example, it seems obvious that you can write √2 as a decimal. We can prove you can't.

It seems nonsense that you can chop up a solid ball into five non-overlapping bits and then put them back 
together in a different way to get two identical copies of the original ball. We can prove that you can: 
http://www.irregularwebcomic.net/2339.html

Axioms and definitions: Mathematical proof works by logical deduction. The deduction has to start somewhere. It starts from definitions and from 
axioms (things claimed to be true more or less "by definition"). Euclid had five axioms as the basis for all his proofs in geometry. For the last hundred 
years or so, mathematicians have used a different set of axioms, which give a basis for proofs in all areas of maths, not just geometry. The set of axioms 
was first proposed by Ernst Zermelo and is called ZFC: http://bit.ly/zfc-axioms. Most mathematicians, most of the time, don't refer to the axioms: they 
refer to important claims (theorems) proved on the basis of those axioms.
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Words are important

Words are an important part of proofs. Mathematicians are as concise and precise with words as we can be, but 
we can no more do proofs without using words than a prosecution lawyer can prove her or his case by waving 
around bits of evidence and not saying anything.

Funky proofs

The proofs we've looked at so far are direct. We can also use proof by contradiction. Here is an example.

Claim: √2 cannot be written as a fraction

Proof: If √2 is equal to a fraction p/q, then reduce p/q to lowest terms, and the 
smallest whole-number-sided right-angled isosceles (45-degree) triangle has
hypotenuse p and smaller sides q.

Imagine that triangle cut out on a bit of paper. Fold the upright smaller side (red)
over onto the (blue bit of the) hypotenuse, as shown in the diagram. Then the angle
marked in purple must be 45 degrees, so in the bottom left-hand corner you create
a smaller whole-number-sided right-angled isosceles (45-degree) triangle.

But that's a contradiction. So the assumption that √2 is equal to a fraction p/q must
be wrong. □

In proof by contradiction, we prove a claim C by showing that to deny C leads to a contradiction.

Activity: Prove that there is no greatest prime number.

7



Claim: There is no greatest prime number.

Proof: Suppose there is a greatest prime number. 

Then let p1, p2, p3.... pn be all the prime numbers in order, listed in order up to pn, which is the 
greatest.

Let q = p1p2p3.... pn  (all multiplied together) + 1

Then none of p1, p2, p3.... pn divides into q, and so q is prime

But q is bigger than pn, and pn is the biggest prime number

So we have a contradiction

So it can't be true that there is a greatest prime number   □
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Activity
n(n+1)(2n+1) is divisible by 6 for n=1, n=2, n=3, n=4... because 1×2×3
and 2×3×5 and 3×4×7 and 4×5×9 are all divisible by 6. Write out the
claim that n(n+1)(2n+1) is divisible by 6 for every positive whole number
n, and a proof of the claim, using the symbols:

=>

∴

∈

ℤ+

□

Hint: Break into into two steps. One: prove n(n+1)(2n+1) is divisible by 2, by proving that either n is divisible by 2, or (n+1) is. Break this step into two 
cases: n even, or n odd.
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Two: prove n(n+1)(2n+1) is divisible by 3, by proving that either n or n+1 or 2n+1 must be divisible by 3. Break this step into two cases. Case one: one 
of n or (n+1) is divisible by 3. Case two: neither n nor (n+1) is divisible by 3. In that case what must be true about (n+2)? And about (2n+4)? And about
(2n+4−3)?

Claim: n ∈ ℤ+ => n(n+1)(2n+1) is divisible by 6

Proof: Let n be any number ∈ ℤ+

n is odd => (n+1) is even.

 Either n or (n+1) is divisible by 2∴

If n is not divisible by 3, and (n+1) is not divisible by 3, then (n+2) is divisible by 3

(n+2) is divisible by 3 => (2n+4) is also divisible by 3

=> (2n+1) is divisible by 3

 One of n, (n+1), or (2n+1) is divisible by 3∴

 n(n+1)(2n+1) is divisible by 2 and divisible by 3∴

 n(n+1)(2n+1) is divisible by 6∴  □
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Dodgy proofs

We can make mistakes in mathematical proofs, same as we
make mistakes in everything else in life. In mathematical
proofs, most mistakes are dodgy hidden assumptions. Find the
dodgy hidden assumptions in this proof.

Claim: However long you live, you never grow up.

Proof: When you are only one day old, you are a small child.
For all k, if k days of life are not enough to grow up, then
adding one extra day won't make enough. Therefore the claim
is true for 1, 2, 3, 4.... days of life, and carries on being true
forever  □
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The dodgy proof of "you never grow up" is important because similar methods of argument are used in 
other fields, and because it highlights what's special about mathematical concepts.

Some arguments against evolution are similar. They say that, for example, eyesight cannot have developed by 
gradual evolution. Either you have eyes or you don't. So there must have been some supernatural intervention. 
However, evolution can progress from a patch of slightly light-sensitive tissue to fully-developed eyes in the same 
way as grains of sand progress from scattered grains to a small pile to a big pile to a beach.

The dodgy argument here seems persuasive because our brains are not hard-wired to deal easily with long, slow 
processes. Like watching paint dry. Or even like seeing children develop into adults: despite the help of artificial 
markers like birthdays and coming-of-age celebrations, many parents find it hard to recognise that their 
daughters or sons have become adults. If you were a child a day ago, you must still be one, mustn't you?

Fuzzy concepts and fuzzy arguments come naturally to us, and for good reasons. There are blurs between 
scattered grains of sand, and a small pile, and a big pile, and a beach. Am I holding up two fingers, or one? Even 
that is blurred at the edges. Maybe the second finger is only half-raised. Maybe, because of an injury, one finger 
is just a stump: does it count as a finger? Etc. With the mathematical concept of two, we take the clear-cut 
abstract pattern of "being two", not the blurring.

Because maths uses those clear-cut abstract patterns, and builds long chains of step-by-step logical deduction, we
can be surprised by the results of mathematical proofs – even though they can only ever be logical deductions 
from the information already in the axioms and definitions.
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Activity (homework)

Find (by thinking, or by searching on the web) and write out proofs of at least two of the following claims. The list
includes two sorts of claims. Ones you have already met, but may not have proved or seen proved. And ones 
which you may not have met, but which have neat proofs.

Claim B1:  If you play the game of changing the word SHIP into the word DOCK, a letter at a time, and making a
real word at each stage - like SHIP-SHOP-CHOP-COOP-LOOP-LOOK-LOCK-SOCK-DOCK - then at least one of the 
in-between words must have two vowels.

Claim B2: In a right-angled triangle, the square of the hypotenuse = the sum of the squares on the other two 
sides.

Claim B3: A line touching a circle is a tangent (i.e. touches it at only one point) if and only if it is at right angles 
to the radius at the point where it touches the circle. (Assume B1 for this).

Claim B2: Two tangents drawn to the same circle from the same point have equal lengths. (Assume B3 for this).

Claim B5: For all n ∈ ℤ+, and all x≠1, (1–xn)/(1-x) = 1+x+x2+x3+...+xn–1
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Claim B6: In the old German city of Königsberg, there were seven bridges joining four different areas of the city. 
It was impossible to walk round the city crossing each bridge exactly once.

[This looks like just a puzzle, but the proof of this marked the beginning of "graph theory", which is now a big 
part of maths and important for computer science. Hint: Redraw the diagram so that each area is a vertex and 
each bridge is an edge. A path which travels each edge exactly once must enter each vertex by one edge and 
leave by another (unless it is the start vertex or the end vertex). So it must cover the edges joining that vertex not
one at  a time, but in pairs. Can you travel round this whole
diagram covering edges in pairs at every vertex except at the
start and at the end?].

Claim B7 (The Art Gallery Theorem): If an art gallery's
floor plan is a polygon with n sides, then to ensure that every
bit of the gallery is watched the gallery will need a maximum
of ⌊n/3⌋ guards.

(⌊n/3⌋ means the biggest whole number less than or equal to
n/3. For example ⌊9/3⌋ = 3, ⌊10/3⌋ =3, ⌊11/3⌋ =3, ⌊12/3⌋ =4. Hint: Divide the polygon into triangles, and as you go 
label the vertices/corners red, green, or blue in such a way that every triangle has one red corner, one blue, one 
green).

Claim B8. If two identical coins of equal radius are placed side by side on a table, with one of them fixed, and 
both head up; and one is rotated one about the other, without slipping, until it is on the other side of the fixed 
coin; then the rotated coin ends head up. [Check it out in practice, then try to prove your answer 
mathematically].
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Claim A2. The area of a triangle = ½ × base × height

Claim A3. The angles of a triangle add up to 180. (You'll need to assume you've already proved 
that alternate angles are equal).

Claim A4. For any b and c, r is a root of the equation x2+bx+c=0 if and only if (x–r) is a factor of 
x2+bx+c=0

Claim A5. For any b, c, and d, if r1, r2, and r3 are roots of the equation z3+bz2+cz+d=0, then the 
sum of roots r1 + r2 + r3= –b and the product of roots r1r2r3=–d. (You can assume A4 for this).

-------------------------------------------------------------------------------------------------------------------------------------------------

Proof by induction

Proof by induction is a special sort of proof, in the same way that proof by contradiction is a special sort of proof.

It was discovered by Blaise Pascal (he of the triangle) in the 17th century. It is like a domino effect or a chain reaction in 
everyday life.

It is often useful if you want to prove a claim true for all counting numbers 1, 2, 3, 4.... and so on for ever. You can see it's 
true for 1, 2, 3, 4 just by checking, but you can't be sure that it remains true when the numbers get really big unless you 
can find a proof. All induction proofs have two steps (NOT four as it stays in your textbook).

Step 1: you prove the claim for the starting case n=1 (which is usually easy). Step 2: you prove that IF the claim is true for
any particular value of n, say n=k, THEN it must be true for the next value n=k+1. When you do Step 2, you don't 
necessarily know that the claim really is true for any value of n except n=1. But when you combine Step 1 with Step 2, 
together they prove that the claim is true for n=1 (Step 1), so also for n=2 (Step 2), and so also for n=3 (Step 2), and so 
also for n=4 (Step 2), and so on for ever. Step 1 + Step 2 ⇒ the claim is true for all values of n.
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In FP1 we study four types of proof by induction: proving formulas for sequences, proving formulas for series, proving 
formulas for divisibility, and proving formulas for matrix multiplication. These aren't in fact specially good or important 
examples of proof by induction. Edexcel chooses them because they make it easy to set exam questions. However, they get 
you used to proof by induction. Here is an example of a proof by induction.

Claim: if u1=1 and, for all n, un+1=2un+1, then:  un=2n−1

Proof: by induction

STEP 1: PROVE TRUE FOR n=1

1 = 21−1  □

STEP 2: PROVE TRUE n=k ⇒ TRUE FOR n=k+1

To prove: uk+1=2k+1−1 

True for n=k ⇒ uk=2k−1  

uk+1=2uk+1  

= 2×(2k−1)+1  

= 2k+1−2+1

= 2k+1−1 □ 

STEP 1 + STEP 2 ⇒ TRUE FOR ALL n BY INDUCTION □ 
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The claim, with k+1 plugged in for n

The claim, with k plugged in for n

This is what we wanted to prove in Step 2!
IF claim is true for n=k, THEN also true for
n=k+1

from the recurrence relation given in 
the question

Neither Step 1 nor Step 2 proves much 
by itself. Together they prove 
everything.


