
The twist to the second induction-with-divisibility question in the test paper

It asks us to prove: 10 | 34n-1+24n-1+5 for all n.

Most of you did Step 2 by multiplying the right-hand side of the claim for n=k

10 | 34k-1+24k-1+5

by 81 or 16 to get something close to the claim for n=k+1

10 | 34k+3+24k+3+5, or in other words 10 | 81×34k-1+16×24k-1+5

and then adding to adjust.

Fair enough: I did it that way at first. Generally when you have two numbers, not just 
one, raised to the power 2n-1 or similar in the expression you want to prove divisible,
that's what you have to do.

In this case you can do Step 2 just by adding to the right-hand side of the claim for 
n=k. See the worked answers for how.

The twist is that Edexcel have messed around with the claim they ask to you prove so
that you can do Step 2 just by adding, which means in other words that you could do 
it by their textbook method of working out f(k+1)-f(k).

Now in fact it's true that

10 | 32n-1+22n-1+5 for all n

so 10 | 31+21+5 and 10 | 35+25+5 and so on

as well as 10 | 33+23+5 and 10 | 37+27+5 and so on

Why ask you to prove the claim only for 3, 7, 11, 15, etc., and not 1, 5, 9, 13, etc., 
when it's scarcely harder to prove it for those powers too??

They do that just to manipulate the problem to make it do-able by their f(k+1)-f(k) 
method. (However, they don't always manipulate the problems that way).

To do Step 2 for the claim 10 | 32n-1+22n-1+5 for all n

we want to prove

10 | 32k+1+22k+1+5, or in other words 10 | 9×32k-1+4×22k-1+5

To get to that result from the suppose-true-for-the-sake-of-argument claim for n=k, 
we do have to multiply the right hand side

10 | 32k-1+22k-1+5 - - we can't add 8×32k-1 or 3×22k-1 to that to get where we want, so 
multiply by 9

10 | 9×32k-1+4×22k-1+5×22k-1+5

then since 5 | 5 and 2 | 22k-1, 10 | 5×22k-1 and we can subtract that from the right hand 
side to get

10 | 9×32k-1+4×22k-1+5×22k-1+5 □



Why can you do their manipulated version just by adding? Only by accident, so to 
speak. It just so happens that 81=1+80 and 10 | 80. There is no general rule here.

The general rule is that

a+b | a2n-1+b2n-1 for all a and b, and all n

for example

17 | 102n-1+72n-1 or 33 | 152n-1+182n-1 or 57 | 242n-1+332n-1, etc.

Why is that true? Because (a+b) is a factor of a2n-1+b2n-1 whatever a and b and n are. 
And why is it a factor? Because a2n-1+b2n-1=0 when a+b+0, in other words a=-b. (Now 
you begin to see how Edexcel can think up hundreds of divisibility problems like 
this: because there's a much better method than induction to find out about 
divisibility. They want to keep that a secret, so that they can make you do laborious 
proofs by induction of stuff that can be proved much better another way.

That general rule tells us only that

5 | 32n-1+22n-1 for all n

How do we get

10 | 32n-1+22n-1+5 for all n?

Because 32n-1 is odd for all n, and 5 is odd too, and odd+odd=even, so 32n-1+22n-1+5 is 
even for all n as well as being divisible by 5.

And if it's both even and divisible by 5, then it's divisible by 10.


