




































I/2009/13 - I seat n boys and 3 girls in a line at random, so that each order of the n + 3 children is

as likely to occur as any other. Let K be the maximum number of consecutive girls in the line so, for

example, K = 1 if there is at least one boy between each pair of girls.

(i) Find P(K = 3).

(ii) Show that

P (K = 1) = n(n −1)

(n +2)(n +3)
.

(iii) Find E(K).

(i) If K = 3, we can picture the three girls as a single unit in a sequence of n +1 units.

There are (n +1)! ways of arranging that sequence, and 3! = 6 ways of arranging the girls within their

sequence of 3.

P(K = 3) = 6(n+1)!
(n+3)! = 6

(n+3)(n+2)

(ii) For K = 1, we can picture the process as

• first choosing 3 seats for 3 girls from among the (n +3) seats, and, so that no 2 girls sit next to each

other, removing the seat to the right of each of the 1st and 2nd seats chosen, reading from the left

• and then restoring the removed seats and seating the n boys on the n seats now vacant.

The number of different ways to choose the 3 seats for the 3 girls is the number of ways of permuting

3 seats out of (n+1), i.e. n+1P3, and for each of those ways of choosing the 3 seats there are 6 ways of

seating the girls in the 3 seats.

For each of those ways of seating the girls, there are n! ways of seating the boys.

So P(K = 1) = n+1P3·6·n!
(n+3)! = (n+1)n(n−1)

(n+3)(n+2)(n+1) = n(n−1)
(n+3)(n+2)

(iii) P(K = 2) = 1−P (K = 3)−P (K = 1) = 1− 6
(n+3)(n+2) − n(n−1)

(n+3)(n+2) = n2+5n+6−6−n2+n
(n+3)(n+2) = 6n

(n+3)(n+2)

E(K ) = P (K = 1)+2P (K = 2)+3P (K = 3) = n(n−1)
(n+3)(n+2) + 12n

(n+3)(n+2) + 18
(n+3)(n+2) = n2+11n+18

(n+3)(n+2) = n+9
n+3
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