
Möbius transformations

By convention we write a complex function of a complex variable as

w=f(z) 

rather than y=f(x)

and by convention the real and imaginary parts are written x, y, u, v

z = x + iy

w = u + iv

PART 1: LINEAR TRANSFORMATIONS z  ↦  w

What do functions like w = mz + c 

look like, where m and c are constants?

We can't draw a graph, because we'd need four dimensions and four axes (x, y, u, v). So we get a picture 
of the function by sketching the shapes in the w-plane produced from shapes in the z-plane.

We can also write the function as z ↦  mz+c = w

ACTIVITY 1: If z moves so as to trace out Molly Alice (on the left), and the corresponding movement 
(called locus) of w is as shown on the right, what, in algebra, are the functions w = mz + c?

z-plane                                                     w-plane
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(Activity 1 continued)

z-plane w-plane
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(Activity 1 continued)

w-plane
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(Activity 1 continued)

z-plane w-plane

ACTIVITY 2

The arrow  ↦  means "maps to". This transformation z  ↦ w can be described in three ways:

In algebra: as "w = z + 2 + 2i"

In words: as "a translation, 2 units across, 2 units up"

In a diagram: like this

z-plane w-plane
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(Activity 2 continued)

In your book, write a heading on a new page "z  ↦ w transformations". For each of the following 
transformations described in algebra:

Write a description in words

And sketch a z-plane / w-plane "Molly Alice" diagram to describe it.

1. w = 3z

2. w = 3iz

3. w = 2z + 3

4. w = 3z + 2

5. w = 3iz + 2

6. w = 2z + 3i

Conclusion: linear transformations of complex variables, described in algebra as

z ↦  mz+c = w

can be described geometrically as combinations of

enlargements

rotations

and translations
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PART 2: z-LOCI

To picture what linear transformations z ↦ mz+c do, we can use Molly Alice or any other shape in the z-
plane. As soon as we look at even slightly more complicated transformations z ↦ f(z), however, we need 
to use simpler shapes in the z-plane for the diagrams to be clear.

The simplest shapes: lines and circles.

|z| is the distance of z from the origin, and |z−a| is the distance of z from a.

So |z| = 5 is this circle

|z| = 2 is this circle

And |z−6| = 4 is this circle
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ACTIVITY 3

In your book, sketch the circles described by these equations, showing where their centres are and what 
their radii are.

1. |z| = 5

2. |z−2| = 3

3. |z+2| = 3

3. |z−3| = 2

4. |z−2i| = 3

This is the half-line arg(z) = π/4

And this is the half-line arg(z) = −π/6
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ACTIVITY 4

In your book, sketch these half-lines, marking in two points on each line.

1. arg(z) = π

2. arg(z) = 3π/4

3. arg(z) = π/2

4. arg(z) = −π/2

And these lines

5. Re(z) = 0

6. Im(z) = 0

7. Re(z) = Im(z)

8. Re(z) = 1

Here's another way to get a line. This line is

|z−2| = |z−6| 

It is all the points the same distance from 2 as they are from 6, or 
the perpendicular bisector of the line between 2 and 6.

ACTIVITY 5

Sketch these lines.

1. |z−2i| = |z−6i| 

2. |z+2| = |z+6| 

3. |z−2| = |z−2i|
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PART 3: CIRCLE OF APOLLONIUS

So |z+1| = |z−2|  is a line (straight up and down, going through z = ½)

What is |z+1| = 2|z−2| ? Can't be a line, because when z is very big, its distance from −1 and its distance 
from 2 are pretty much the same, and the distance from −1 is surely not twice the distance from 2.

Turns out it is a circle. This way of defining a circle is called the circle of Apollonius.

Proof that it is a circle is later in this booklet.

How to work out which circle? By symmetry, the circle must be the 
same above the line connecting −1 and 2 as below it. It has a diameter 
which is somewhere along the line connecting −1 and 2.

The two diameter-ends are the two points along that line where

(z+1) = 2(z−2) — that is, z = 5

and (z+1) = −2(z−2) — that is, z = 1

ACTIVITY 6

1. What are the centre and the radius of the circle with diameter-ends z = 1 and z = 5 ?

2. What are the centre and the radius of the circle with diameter-ends z = 2 and z = 5 ?

3. What are the diameter-ends of the circle described by |z+1| = 3|z−3|? Sketch it.

4. What are the diameter-ends, the centre, and the radius of the circle described by |z+i| = 2|z−2i| ?
Sketch it.

5. The cartesian equation of a circle is its "ordinary" x-y equation (or u-v if it's an equation for w). For 
example |z−3−4i| = 5 is a circle with centre 3+4i and radius 5, so its cartesian equation is

(x−3)2 + (y−4)2 = 25

Calculate the cartesian equation of the circle you got in question 4.
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PART 4: INVERSION

The transformation  z ↦ z2 is complicated. It maps vertical lines — Re(z) = a, b, c, etc. — into parabolas.

z ↦ z3 and z ↦ z4 are more complicated. But z ↦ 1/z, called inversion, works quite neatly. Every z-circle 
maps into a w-circle.

w = 1/z

so z = 1/w

If z is on a circle |z−c| = r

z −c=
1
w

−c=
−cw+1

w
, so |−cw+1|=r|w| , and |w−

1
c
|=|

r
c
||w| - circle of Apollonius, 

with diameter-ends along the line connecting w=0 and w=1/ c. Or, if c=0, |w|=
1
r

, also a circle.

ACTIVITY 7

w = 1/z. Work out what w-circles these z-circles map into. Watch out for no.5.

1. |z| = 100

2. |z|=
1

100

3. |z − 100| = 1

4. |z − 100| = 200

5. |z − 1| = 1

What sort of circles do big circles invert into?

What sort of circles do far-away circles invert into?
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PART 5: LINEAR TRANSFORMATIONS + INVERSIONS = MÖBIUS TRANSFORMATIONS

If linear transformations map circles to circles, and inversions map circles to circles, then any combination 
of linear transformations and inversions maps circles to circles.

Those combinations are transformations like w=
az+b
cz+d

with ad−bc≠0,  called Möbius transformations.

Möbius like Möbius strip. August Möbius discovered the Möbius strip in 1858, Möbius transformations a 
lot earlier. Möbius transformations are the only complex functions which have inverse functions so that 
both the function and the inverse can be differentiated, well, not quite everywhere, but everywhere except a
few points. They are used in non-Euclidean geometry, in relativity theory, and in electrical engineering (the
"Smith chart").

Proof that "Möbius transformations" = "all combinations of linear transformations and inversions"

(1) w=
az+b
cz+d

=

a
c

z+
b
c

z+
d
c

=
a
c
+

bc−ad

c2

z+
d
c

, so every Möbius transformation can be got by first 

translating, then inverting, then enlarging and rotating, then translating.

Before we do the second part of the proof, that everything we can get by combining inversions and linear 
transformations is a Möbius transformation, look at a connection between Möbius transformations and 
matrices.

w=
az+b
cz+d

could be rewritten as (w
1 )∝(a b

c d)(z
1)

(2) Every linear transformation w = mz +b is a Möbius transformation w=
mz+b
0 z+1

Every inversion w = 1/z  is a Möbius transformation w=
0 z+1
1 z+0

Every combination of Möbius transformations is a Möbius transformation. 

If w=
a1 z+b1

c1 z+d1

and ξ=
a2 w+b2

c2w+d2

, that's (w
1 )∝(a1 b1

c1 d1
)(z

1) and (
ξ

1)∝(a2 b2

c2 d2
)(w1 ) so

(ξ1)∝(a2 b2

c2 d2
)(a1 b1

c1 d1
)(z

1)  so z ↦ ξ is a Möbius transformation. ▄
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PART 6: CIRCLES, LINES, AND POLES

So Möbius transformations map circles to circles (if the Circle of Apollonius is proved.

There's the exception we came across in Activity 7 question 5. Sometimes the "circle" is a line. (Think of 
the line as an extreme case of a circle when the centre has moved to infinity and the radius is infinity).

This video explains: https://www.youtube.com/watch?v=0z1fIsUNhO4. 

It also shows why it is useful to think of ∞ as an actual number (but just ∞; for this purpose −∞ = +∞) 
when working with Möbius transformations.

The equation w=
az+b
cz+d

blows up, in mathematical terms it has a "singularity", when z=
−d
c

. 

There is a shorter word for this sort of singularity: a pole.

If that value of z is on the path (called locus) of z, then w can zoom off to infinity, and the path (called 
locus) of w is a line.

So: the w-locus is a circle if the pole is not on the z-locus

The w-locus is a line if the pole is on the z-locus.

Since w=
az+b
cz+d

can be rewritten as (w
1 )∝(a b

c d)(z
1) , we change the subject of the equation by 

inverting the 2×2 matrix. (z
1)∝( d −b

−c a )(w
1 ) or z=

dw−b
−cw+a

As long as  ad−bc≠0, we can skip the 1/ det bit in inverting, because if

(z
1)∝

1
ad−bc ( d −b

−c a )(w
1 ) then also, more simply (z

1)∝( d −b
−c a )(w

1 )
So Möbius transformations always have inverses. If a Möbius transformation maps a circle to a line, then 
there must be another Möbius transformation, the inverse, which maps the line to the circle.

Möbius transformations map z-circles and z-lines to w-circles, unless the pole is on the z-locus, in 
which case the Möbius transformation maps to a w-line.
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This shows how the circle
|z−5/2| = 5/2

is transformed by

w=
5

(z+1)

× points  ↦ × points

Grey-blob points  grey-blob ↦
points

Diameter marked with 
squiggle  diameter marked ↦
with squiggle 

ACTIVITY 8

1. Calculate the diameter of the w-circle in the example above.

2. For each of these Möbius transformations, write

a. its matrix equivalent

b. what you get when you change the subject of the equation to z

c. what sort of thing (circle or line) it maps the circle |z| = 1 to

d. what sort of thing (circle or line) it maps the real axis (the line Im(z)=0) to

i. w=
z−i
z+i

ii. w=
z+2
z−2

iii. w=
1
z
=

0 z+1
z+0
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PART 7: CALCULATING MÖBIUS TRANSFORMATIONS - GEOMETRIC METHOD

When the pole z=
−d
c

 of the Möbius transformation w=
az+b
cz+d

is not on the z-locus, then the

w-locus is a circle. We calculate which circle this way:

☻ Sketch the z-circle and the pole

☻ Mark on the sketch the diameter-ends (call them z1 and z2) of the diameter of the z-circle which is in 
line with the pole

☻ The w-values w1 and w2 which z1 and z2 map to are diameter-ends of the w-circle.

We'll see why this works in the next part. First, let's get used to this calculation.

ACTIVITY 9

1. For each of these Möbius transformations, and the z-circle |z|=3:

a. sketch the circle, the pole, and the diameter-ends (call them z1 and z2) of the diameter of the z-circle 
which is in line with the pole. b. calculate z1 and z2      

c. calculate the  w-values w1 and w2 which z1 and z2 map to: they are diameter-ends of the w-circle.  

d. sketch the w-circle  

e. calculate its centre and its radius.  

i. w=
z−i
z+i

                          ii. w=
2+z
z−2

=
z+2
z−2

             iii. w=
1
z
=

0 z+1
z+0

If the z-"circle" is a line, then the "diameter-ends" (z1 and z2) in line with the pole are ∞ and the point on 
the line nearest to the pole, i.e. the foot of the perpendicular from the pole onto the line.

2. If the z-locus is the real axis, i.e. the line Im(z)=0, and the Möbius transformation is w=
z−i
z+i

, then:

a. sketch the line, the pole, and the diameter-ends (call them z1 and z2) of the diameter of the z-circle which
is in line with the pole. b. calculate z1 and z2     

c. calculate the  w-values w1 and w2 which z1 and z2 map to: they are diameter-ends of the w-circle.  

d. sketch the w-circle  

e. calculate its centre and its radius.

3. If the z-locus is the real axis, i.e. the line Im(z)=0, and the Möbius transformation is

w=
2 i+iz
z−2

=
iz+2 i
z−2

then

a. sketch the line and the pole.

b. in this case, the pole is on the z-locus, so we know the w-locus is a line. Any two points w1 and w2 on 
that line will be enough to find out which line. Pick two easy-to-work-with values of z which are on the z-
line, and calculate w1 and w2 from those two z-values.

d. sketch the w-line and describe it in words. 
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PART 8: WHY THE GEOMETRIC METHOD WORKS

The z-diameter in line with the pole maps to a w-diameter because of symmetry. 

Every Möbius transformation is made up of inversions and linear transformations; and linear 
transformations certainly map diameters to diameters; so, to prove the fact about diameters, we need only 

look at a pure inversion, w=
1
z

, and |z−q|=k . For this inversion |w−
1
q
|=|

k
q
||w| There is a 

w-diameter on the line between 0 and 1/ q. But the z-diameter-ends in line with the pole 0 are on the line 
between 0 and q, i.e. the line in the z-plane which maps over into the line in the w-plane between 0 and 1/q

The z-diameter-ends are the points on that line between 0 and q which are on the circle. They map into w-
points which are both on the w-circle and on the line which we know contains a diameter, between 0 and 
1/ q. Therefore those w-points are ends of a w-diameter.

PART 9: SETTING OUT ANSWERS

Example 1: Show that if z moves round the circle |z|=4 and w=
z−i
i+z

, the locus of w is a circle, 

and find the centre and radius and cartesian equation of that circle.

First: sketch the z-circle and the pole, and mark the diameter-ends in line with the pole

Second: write the Möbius transformation in standard form. w=
z−i
z+i

Third: change the subject, using the matrix connection.

(w
1 )∝(1 −i

1 i )(z
1)⇒(z

1)∝( i i
−1 1)(

w
1 )⇒ z=

iw+i
−w+1

 

Fourth: you can now convert the equation |z| = 4 into a w-

equation. 4=
|iw+i|
|−w+1|

=
|i||w+1|

|−1||w−1|
so

|w+1|=4|w−1|

Fifth: cite your theorems.
By Circle of Apollonius and by symmetry:
the w-locus is a circle;
and the z-diameter-ends in line with the pole, z1 = −4i and z2 = 4i, map to a w-diameter.

z1 = −4i  ↦ w1=
−4 i−i
−4 i+i

=
5
3

and z1 = 4i  ↦ w2=
4 i−i
4 i+i

=
3
5
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Sixth: calculate centre and radius and cartesian equation. The cartesian equation is just the usual "x-y" 
equation, except by convention we use u and v, not x and y, for real and imaginary parts of w.

Centre is 
1
2 (5

3
+

3
5 )=17

15
 Radius is 

Cartesian equation is (u−
17
15

)
2

+v2
=(

8
15

)
2

=
64
225

Example 2: Show that if z moves along the real axis and w=
z−i
i+z

, the locus of w is a circle, and 

find the centre and radius and cartesian equation of that circle.

First: sketch the z-locus and the pole, and mark the diameter-ends in line with the pole
Second: write the Möbius transformation in standard form.

w=
z−i
z+i

Third: cite your theorems.
By a circle inversion theorem and by symmetry (the special case of a
line has no special name, and usually isn't reckoned as "Circle of
Apollonius", so you don't have to change the subject of the equation to
show there is a "Circle of Apollonius" type equation for w)
the w-locus is a circle;
and the z-diameter-ends in line with the pole, z1 = 0 and z2 = ∞, map to
a w-diameter.

z1=0   ↦ w=
0−i
0+i

=−1 and z2= ∞  ↦ w=
∞−i
∞+i

=1

Fourth: calculate centre and radius and cartesian equation. The cartesian equation is just the usual "x-y" 
equation, except by convention we use u and v, not x and y, for real and imaginary parts of w.

Centre is 
1
2

(−1+1 )=0  Radius is 

Cartesian equation is u2
+v2

=1

Example 3: Show that if z moves along the circle |z|=1 and

w=
z−i
i+z

, the locus of w is a line, and find the cartesian

equation of that line.
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First: sketch the z-locus and the pole. (You don't need to mark the diameter-ends in line with the pole, 
because if w-locus is a line, any two points on the z-locus will give you the w-line).

Second: write the Möbius transformation in standard form. w=
z−i
z+i

Third: cite your theorems

By a circle inversion theorem, the w-locus is a line. (You don't need to refer to the symmetry, because you 
don't need to use diameter-ends).

Fourth: calculate two w-points, sketch the line, and find its cartesian equation

z1=1   ↦ w=
1−i
1+i

=−i  and z2= −1  ↦ w=
−1−i
−1+i

=i

Cartesian equation is u=0

Example 4: Show that if |z+1| = 2|z−2|, the locus of w is a circle, and find the cartesian equation of 
that circle.

First: draw a diagram

Second: cite your theorems. (You can do it straight off this time,
because your information is already in "Circle of Apollonius"
form).

By Circle of Apollonius and by symmetry:

the z-locus is a circle; and diameter-ends are given by

z1 + 1 = 2(z1−2) => z1 = 5

z2 + 1 = −2(z2−2) => 3z2 = 3 => z2 = 1

Third: calculate centre, radius, and cartesian equation of circle

Centre is 
1
2

(5+1 )=3  Radius is 

Cartesian equation is (x−3)
2
+ y2

=4
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PART 10: INSIDE OR OUTSIDE?

Exam questions often ask you to show in a diagram where the inside (or outside) of the z-circle maps to in 
the w-plane.

If the pole is inside the z-circle, the inside of the z-circle maps to the outside of the w-circle (because the 
pole always maps to ∞, and ∞ is outside every circle).

If the pole is outside the z-circle, the inside of the z-circle maps to the inside of the w-circle (because the 
pole always maps to ∞, and ∞ is outside every circle).

Best to check in each case, in case you remember wrong, and also because you may get trickier things 
where a line maps to a circle and you're asked which side of the line maps to the inside of the circle.

Choose an easy-to-work-with value of z inside the z-circle (or on a chosen side of the z-line), calculate w 
for that value, and see where it is.

In example 1, z=0 is inside the circle, z=0  ↦ w = −1 which is outside the w-circle, so inside ↦ outside.

In example 2,

z=i is on the top side of the line, z=i  ↦ w=
i−i
i+i

=0  which is inside the w-circle, so top  ↦ inside

ACTIVITY 10

In activity 8 you calculated the w-circles for |z| =1 and these equations. For each one, find where the inside
of the circle |z| = 1 maps to.

i. w=
z−i
z+i

ii. w=
z+2
z−2

iii. w=
1
z
=

0 z+1
z+0

PART 11: SEMICIRCLES

The angle in a semicircle is a right angle. So if

arg
z−a
z−b

=π
2

, then the line from a through z is at right angles to the line

from b through z, and anticlockwise from it.
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ACTIVITY 11

1. Use that idea to find and draw the semicircle in Example 30 from the book:

If arg
z

z−4 i
=π

2
sketch the locus of P(x,y) which is represented by z on an Argand diagram.

2. Do this example from the book.

Hint for example 29: the angle subtended by a chord is the same at every point on the circumference of a 
circle. Therefore z is on the circumference of a circle which has a chord between 2 and 6. And if the angle 
at the circumference is π/4, then the angle subtended by the chord at the centre of the circle is... what? 

PART 12: PRACTISING

ACTIVITY 12

Do these questions

and then work on past-paper examples.
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PART 13: PROOF OF THE CIRCLE OF APOLLONIUS

We want to prove that the locus of a point A 
whose distance from a point C is λ times its 
distance from a point B is a circle if λ≠1.

Draw in L and M so that 
CL:LB=CM:MB=λ=CA:BA. We will show 
that the locus of A is a circle by proving that 
the line MA bisects the angle CAB (cuts into
two equal halves) and the line LA bisects the
angle CAB'. It follows that the angle LAM is
half of the whole line B'AB; so it is a right 
angle; so it is an angle in a semicircle — A is
always on the circle with diameter LM.

The proof breaks down if λ=1. In that case L zooms off to infinity. The locus of A is all points which are 
equally distant from B and from C, i.e. a straight line halfway between B and C and perpendicular to BC.

So, to prove MA and LA bisect the angles if λ≠1.

Look at the smaller diagram with triangle CAB. BD is drawn parallel to AC.

∠BDM= MAC and DBM= MCA (alternate angles)∠ ∠ ∠

So ΔBDM is similar to ΔMAC

AC:BD=CM:BM=λ

But AC:AB=λ too

So BD=AB

ΔDBA is isosceles

Therefore BAD (which= BAM) = BDA = MAC (alternate∠ ∠ ∠ ∠

angles)

Therefore MA bisects BAC ∠

Similarly LA bisects CAB', so we have what we need. ▇∠
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WHEN THE POLE IS ON THE Z-LOCUS (λ = 1)

What about when the pole is on the 
circle? When the pole is very close to the 
original circle, then the image circle is 
very big. So we’d expect that when the 
origin (pole) is actually on the original 
circle, the image will be a line. So it is. 
We have one of the diagrams on the left. 
D is the origin and A is such that DA is 
the diameter. Remembering that (1/z*) is 
a complex number with the same 
argument as z (i.e. in the same direction), 
but modulus 1/|z|, A' is the position of 
1/z*, and for each point B on the circle B'
is constructed so that DA.DA'=DB.DB'

∠ADB is common to the triangles ΔABD and B'A'D, and DA/DB=DB'/DA'. Therefore the triangles are 
similar. Therefore B'A'D = ABD = π/2, since ABD is an angle in a semicircle.∠ ∠ ∠

Therefore the locus of B', i.e. of 1/z*, if B represents z, is a straight line perpendicular to the diameter of 
the circle through D.

Conversely, if B' represents z, moving on a line with perpendicular distance a from D, this reasoning shows
us that the locus of 1/z* is a circle going through D, with diameter perpendicular to the locus of z. The two 
ends of the diameter are the images under the transformation of infinity and of the point on the line closest 
to D.

The final case is when z moves along a line passing through the origin D. 1/z* has the same argument as z, 
and its modulus takes all real values (including 0; z→∞  1/z*→0), so the locus of 1/z* is the same line.⟼

(1/z) = (1/z*)*, so locus of 1/z is the reflection in the real axis of the locus of 1/z*, and reflection maps 
circles to circles and diameters to diameters. ▇

PART 14: THE ALGEBRAIC METHOD

The textbook gives a different method for doing these calculations, by algebra. We will learn that, too.

1. Some exam questions are so written that you have to use the algebraic method.

2. Some students prefer the algebraic method.

It is good to know the geometric method because it is quicker — often much quicker than the algebraic 
method — and involves much less working, so less risk of slips. Even if you make the algebraic method 
your first choice, it is good to be able to use the geometric method for a quick check on your answers.

In the algebraic method, you have to change the subject of the w and z equation. The matrix calculation 
shown in these notes is not in the textbook, and makes changing the subject quicker.
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