
Preparatory work for test, October 2017: Maclaurin series, Euler formula, De Moivre

theorem, complex loci

City of London Academy Southwark

1 Maclaurin series

Calculate Maclaurin series

y(x) = y(0)+x · y ′(0)+ x2

2!
· y ′′(0)+ x3

3!
· y ′′′(0)+higher powers. . .

from both functions like y = cos x or whatever and different equations.

Ex.6B Q.1b

Find the Maclaurin series for y =p
1+x up to the term in x3

2 Shortcuts for Maclaurin series

If you know f (x) = a0 +a1 ·x +a2 · x2 + . . .

and g (x) = b0 +b1 · x +b2 · x2 + . . .

then multiply to get the Maclaurin series for f (x)g (x):

f (x) · g (x) = a0 ·b0 + (a0b1 +a1b0) ·x + (a0b2 +a1b1 +a2b0)x2 + . . .

Or plug in to get the Maclaurin series for f (g (x)):

f (g (x)) = a0+a1 ·(b0+b1 ·x+b2 ·x2+ . . .)+a2 ·(b0+b1 ·x+b2 ·x2+ . . .)2+ . . .
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3 Maclaurin series as approximations

Amazingly, if a function has a valid Maclaurin series, then for some range

of x, then you can get an as-good-as-you-like approximation to the func-

tion just by going on to high enough powers. Or: the function equals the

infinite Maclaurin series. It’s as if a scientist could predict your entire life

just by observing you at the moment you were born.

For big x you may have to go on to very high powers to get a good approx-

imation. For small x just the first few terms may do.

4 Maclaurin series are not like Genie

Not many exam questions ask about the limits of validity of Maclaurin se-

ries, but some do.

Some functions like ex , cos x, and sin x, have Maclaurin series which are

valid for all x. Others like ln(1+ x) have Maclaurin series valid for only a

circle of convergence in the complex plane. The function f (z) is equal to

its Maclaurin series for every z inside the circle. Somewhere on the circle

the function has a "singularity", something like a divide-by-zero moment.

The Maclaurin series never recovers: it works nowhere outside the circle.

Genie can have a "singularity", miss a few Further Maths lessons, and then

recover; Maclaurin series never recover.

The circle (of radius r ) in the complex plane determines a range −r < x < r

within the real numbers.

So, although the function y = 1
1+x2 looks as if nothing bad happens to it

anywhere among the real numbers, its Maclaurin series works only for

−1 < x < 1 because it has "singularities" at x = ±i and so its circle of con-

vergence has a radius of only 1.

As the splendidly-named Professor Nets Katz says in his Caltech lecture

notes: "The complex numbers overshadow the elementary calculus of one

variable, silently pulling its strings".

5 Taylor series are Maclaurin series centred

somewhere other than the origin

Maclaurin series predict y based on its behaviour at and very near the ori-

gin - y(0), y ′(0), y ′′(0), y ′′′(0), etc.

A Taylor series is the same, only starting at a point a which may not be the
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origin.

y(x) = y(a)+(x−a)·y ′(a)+ (x −a)2

2!
·y ′′(a)+ (x −a)3

3!
·y ′′′(a)+higher powers. . .

(Exam questions sometimes refer to series with a = 0 as Taylor series,

though they are also Maclaurin series).

You use Taylor series with a 6= 0 if the function doesn’t have a Maclaurin

series - for example y = ln(x) doesn’t have a Maclaurin series, but it does

have a Taylor series with a = 1. Or if you know the value of y(a), and want

to find y(x) for x near to a without having to work out the series up to a

really high power.

6 "Our jewel": Euler’s formula

The physicist Richard Feynmann calls Euler’s formula

ei x ≡ cos x + i sin x

"our jewel", "the most remarkable formula in mathematics".

To understand it you must first understand what ei x means.

e3 means "e multiplied by itself three times", but "e multiplied by itself i

times" makes no sense.

ez for general z is defined by the Maclaurin series:

ez = 1+ z + 1

2!
z2 + 1

3!
z3 + . . .

and then we prove that the Maclaurin series definition of ez equals the "or-

dinary" definition if z is a whole number or a fraction (which we can do by

proving that ea ·eb = ea+b on the Maclaurin-series definition.

Edexcel does not ask questions about this. The textbook makes it obvious

that the person who wrote it doesn’t even understand the point. But you

should understand it.

Then you can prove Euler’s formula by comparing the Maclaurin series for

ei x and for cos x + i sin x, or by the "going round a circle" or "Groundhog

Day function" method which I showed you. You won’t be asked to prove it

in the exam. You may be asked something like the question below.
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7 "Inverse Euler" formulas

ei x ≡ cos x + i sin x

so, equally,

e−i x ≡ cos(−x)+ i sin(−x)

e−i x ≡ cos x − i sin x

You can solve those simultaneous equations to get cos x and sin x in terms

of ei x and ei x .

Raise both sides of those equations to the nth power, and you get an ex-

pression for cosn x or sinn x.

E.g. sin2 x = ( 1
2i )2(ei x −e−i x)2

. . . = −1
4 (e2i x −2+e−2i x)

. . . = −1
4 (2cos2x −2)

. . . = 1
2 (1−cos2x)

8 De Moivre’s Theorem

De Moivre’s Theorem

cosnx + i sinnx ≡ (cos x + i sin x)n

follows from Euler’s formula, because both sides of that identity are equal

to ei nx . You may be asked to give the crappy Edexcel textbook proof of

De Moivre’s Theorem in the exam. You should revise it shortly before the

exam. It won’t be in this test. Using De Moivre’s Theorem with problems

like the one below (Ex.3I Q.4a) will be.
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9 Roots of complex numbers

10 Loci, meaning paths, in the complex plane

|z −a| = r describes a circle with centre a and radius r

Arg(z −a) = θ describes a half-line starting at a and going in a direction θ

anticlockwise from the positive real axis

|z −a| = |z −b| describes the line which is the perpendicular bisector of a

and b

|z − a| = p|z − b|, when p 6= 1, describes the Circle of Apollonius with

diameter-ends determined by (z − a) = ±p(z −b). The textbook does not

mention the words "Circle of Apollonius", and for the exam you should

learn the crappy long Edexcel method of finding the locus (path) of z de-

scribed by |z − a| = p|z − b|, but it’s useful to know the short method to

check.

The first question below is Q.7a from Ex.3I. Notice |2z −1| = 2|z − 1
2 |
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11 Möbius transformations

Complex functions of complex variables w = f (z) can’t be drawn on graph

paper, because we don’t have four-dimensional graph paper. We can pic-

ture them by drawing z-shapes and seeing what their images - w-shapes,

or w-loci - are.

The simplest complex functions of complex variables are linear functions

w = mz +c (which enlarge, rotate, and translate z-shapes), and inversions

w = 1
z (which transform z-circles into w-circles, or at least do that if we

reckon lines as special circles with infinite radius).

If you combine linear functions and inversions you get Möbius transfor-

mations:

w = az +b

cz +d

For the exam you will need to learn the crappy long Edexcel way of calcu-

lating Möbius transformations. It is also good to learn the quick way.

Call z = d
c , i.e. the z-value where the transformation blows up, the pole of

the Möbius transformation.

Then:

The w-image is a circle so long as the pole is not on the z-locus

It is a line if the pole is on the z-locus (i.e. there is a point on the z-locus

where the w-image will zoom off to infinity)

If the w-image is a line, you can identify which line just by calculating w-

values for any two z-values you like. Two points are enough to fix a line.

If the w-image is a circle, you can fix it by calculating w-values for the two

z-values which are on a diameter of the z-circle in line with the pole. Those

two w-values give you diameter-ends for the w-circle.
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