
Round the side and under water: a draft STEP course

Martin Thomas, martin@workersliberty.org

"Face problems with a minimum of blind calculation, a maximum of seeing thought" – Hermann

Minkowski

"The most noticeable deficiency, however, was in the widespread inability to construct an argument" -

STEP examiners’ report

"By trying things out systematically" - Carl Friedrich Gauss, when asked how he got his results

"A picture is worth a thousand equations" - Terry Tao

"I never thought he had enough imagination to be a mathematician" - David Hilbert, told one of his

students had quit maths to become a poet

"The main error to be avoided is trying to attack the problem head-on" – Alain Connes

Homework: You are asked to submit some homework: fully-worked-out, carefully-written-out STEP

problems. Please drop your homework into the "Drop-homework-here" folder in the "Gibson" Google

Drive folder which will be shared with you.

Solutions: Most problems are tagged with a web address offering a solution. Some solutions to STEP

questions since 2004 can be found at the STEP website:

http://www.admissionstestingservice.org/for-test-takers/step/preparing-for-step

There is a bank of unofficial solutions dating back much further at

https://www.thestudentroom.co.uk/revision/mathematics/step-solutions

October 2018. Latest revision in pdf at: https://mathsmartinthomas.wordpress.com/step-mat/
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http://www.admissionstesting.org/for-test-takers/step/preparing-for-step/

1 What is STEP? How was this course constructed?

• Done at the same time as A-level, in June

• Requires no more knowledge of formulas than A-level maths and further maths, but does re-

quire more imagination, versatility, and persistence

• Papers are 13 questions - 8 pure, 3 mechanics, and 2 statistics. You do a maximum of six ques-

tions in three hours, and you can get an excellent grade by getting four questions more-or-less

right.

• Usually Q.1 of pure is easier. Lots of students attempt no mechanics question, but usually at

least one of the mechanics questions is easy if you’ve done a bit of A level mechanics. Then

you need to find two others you can do. Only a minority attempt any of the probability and

statistics questions, but it’s worth putting yourself in that minority. The probability questions

are very different from A level, but often quite simple (and requiring almost no prior knowledge

of formulas or such) if you’ve given yourself some practice in systematically tabulating and

counting possibilities. The statistics questions are relatively similar to A level, and thus often

not hard if you know a bit of A level statistics.

• Three papers. Many students take only STEP I. STEP I and II are based on A-level maths knowl-

edge, STEP III on further maths knowledge. STEP II and III are designed to be about the same

difficulty, and harder than STEP I.

• Only one university absolutely requires students to do STEP: Cambridge. Other universities

value it. Many students do it not to improve their university entrance score but just to gain

greater mathematical imagination and versatility.
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How students do with STEP: These are the results reported from STEP I in 2016.

Comments from examiners’ reports:

"For STEP I, the most approachable questions are always set as Qs.1 and 2 on the paper, with Q1 in

particular intended to afford every candidate the opportunity to get something done successfully".

"The most popular of the non-Pure [i.e. mechanics, statistics, or probability] questions was at-

tempted by [only] a third of the candidates".

"Most candidates clearly believe that they need to attempt (at least) six questions when, in fact, four

questions (almost) completely done would guarantee a Grade 1 (Distinction), especially if their score

on these first four questions were then to be supplemented by a couple of early attempts at the start-

ing parts of a couple more questions (for the first five or six marks); attempts which need not take

longer than, say, ten minutes of their time..."

"Curve sketching skills are usually a common weakness... The most noticeable deficiency, however,

was in the widespread inability to construct an argument [i.e. to explain what you’re doing, clearly

and logically]. Vectors are often poorly handled..."

I’ve restructured the STEP examples from Michael Gibson’s STEP course, available on the Integral

Maths website.
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Rather than ordering the examples by the formal bits of A level maths knowledge which they use,

I’ve basically put examples in order by the methods or skills which help with those examples and are

rarely, or not at all, used in A level maths.

At the start I use some MAT questions to give easier practice in some methods rarely encountered

in A level. I’ve added some extra STEP questions, some examples from Stephen Siklos’s booklets

Advanced Problems in Mathematics (APM) and Advanced Problems in Core Mathematics, some dis-

cussed by Luciano Rila in his courses for teachers on STEP, and one or two from other sources. I

owe humble thanks to all those from whom I’ve learned and borrowed ideas, to Luciano, to students

on the 2016-7 and 2017-8 Greenwich STEP course, and to tutors on those courses, especially Marcel

Armour, Zack Bassman, Leigh Baxandall, and Jo Munday. Above all to Yuliia Tereshchuk, a student in

2016-7 and a tutor in 2017-8. All foul-ups or blunders are entirely my fault.
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2 Imagination and versatility

The first thing to come to terms with about STEP questions is that they are longer. You must be pre-

pared to spend five minutes, maybe 10 minutes, wondering about how even to start on the question,

and maybe 15 minutes (though many questions are quicker than that) on dogged, detailed working.

With A level questions, you can always see what method you should use: the only question is, can

you deploy it confidently, accurately, and fast? Many STEP questions are more like real-life prob-

lems. They don’t come with a flag telling you what method to use. You’re lost. Learning how to do

STEP means learning a repertoire of ways to find a way when lost - looking for angles on problems,

or reconfiguring them, or breaking them down into smaller steps, so you can make progress when

you start out lost. It also means learning how to explain to the reader how you found your way -

explaining your reasoning, not just writing out the algebraic manipulations.

Learning how to do STEP also means learning how to "swim underwater" in maths for longer, that

is, to follow through chains of reasoning in algebra when each individual step is familiar enough but

the whole chain is long and complicated and unfamiliar.
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3 A sample STEP problem

This is Question 1 from STEP I, 2001. Q.1 of STEP papers is always designed to be a bit easier, and

this problem requires a lot less working than many other STEP questions. However, it is different

from A level questions. To do it well, you need to do something different from applying a known

method. You need to develop a systematic, clear argument. There are several ways of doing it, and

some much neater than others. You have to narrow down the sort of triangles you consider, and the

important bit of the work is how, with diagrams, you prove that you can narrow it down.

QUESTION: The points A, B, and C lie on the sides of a square of side 1 cm and no two points lie on

the same side. Show that the length of at least one side of the triangle ABC must be less than or equal

to
p

6−p
2 cm.

https://mathsmartinthomas.wordpress.com/2017/12/19/step-i-2001-q-1-triangle-in-square/
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4 Skills: Diagrams, reconfiguring problems, and writing words

Now we will look at some relatively simple examples of how you can restate a problem so that you can

understand it better and see different approaches to it. A very widely-usable way is to do a diagram.

If the diagram doesn’t help, redraw it to present the problem from a different angle. If you’re not sure

whether the diagram helps, or can’t see how to redraw it, make a list of the mathematical ideas you

know which might be relevant here, and systematically check them through to see which one helps.

4.1 Some examples where a good diagram almost solves the problem

1. A frog is at the bottom of a 10-metre well. Each day he climbs up 3 metres. Each night he slides

down 1 metre. On what day will he reach the top of the well and escape?

2. A carpenter can cut a log into 4 pieces along its length in 12 minutes. How long will she take to

cut it into 8 pieces?

3. 64 basketball teams play in a tournament run in successive rounds, where all the losers on each

round are eliminated. How many games will the winning team play?

4. From Terry Tao’s book, p.ix - Show that the three perpendicular bisectors of the three sides of

any triangle all meet at the same point.

5.

Prove the Intersecting Chords

Theorem, which says that if

two chords of a circle, AB and

CD, meet at X, then AX.XB =

CX.XD. Use that theorem and

this diagram to prove the

cosine rule.

6. From Andrew Jobbings’ book, p.63 - Three circles touch the same straight line and touch each

other. Prove that their radii a,b,c, where c is the smallest, fit the equation 1p
a
+ 1p

b
= 1p

c
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7.

Use this grid

to show

arctan1+
arctan2+
arctan3 =π.

(Hint: draw in

one other

line).

8. Use the same grid to show arctan 1
2 +arctan 1

3 = π
4

4.2 Fibonacci numbers and II/1996/3

Here is a diagram of the first few Fibonacci numbers. Show

how the diagram proves a formula connecting the sum of

the squares of the first n Fibonacci numbers,

F 2
1 +F 2

2 +F 2
3 + . . .+F 2

n , with Fn ·Fn+1. In the same diagram,

consider areas to find out about Fn+1 ·Fn−1 −F 2
n and thus

answer the question below, II/1996/3 pt.1.

II/1996/3 (first part) - The Fibonacci numbers Fn are defined by the conditions F0 = 0, F1 = 1 and

Fn+1 = Fn +Fn−1

for all n ≥ 1. Show that F2 = 1, F3 = 2, F4 = 3 and compute F5, F6 and F7. Compute Fn+1Fn−1 −F 2
n for

a few values of n; guess a general formula and prove it by induction, or otherwise.

Whole Q: https://undergroundmathematics.org/divisibility-and-induction/r9868

10



4.3 II/2009/1

II/2009/1.

Gibson

week 5

4.4 More examples of how to use and explain diagrams

1. For each of the diagrams below, write a couple of sentences to explain how the diagram proves

the claim printed next to it.

The Pythagoras

theorem

The double angle formulas
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n∑
1

r = 1

2
n(n +1)

Arithmetic mean > geometric

mean
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n∑
1

r 2 = 1

6
n(n +1)(2n +1)

2. Prove the following using diagrams:

a2 −b2 = (a −b)(a +b)

a2 +2ab +b2 = (a +b)2

n∑
1

(2r −1) = n2

∞∑
0

r n = 1

1− r
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5 Methods: Symmetry and simple-cases

Without calculating (a +b)3, you know that the coefficient of a2b in the answer must be equal to the

coefficient of ab2. You could swap a and b in the question without making a difference, so you must

be able to swap a and b in the answer without making a difference.

If the coefficient of a3b2 in (a +b)5 is 10, what is the coefficient of a2b3?

Seeing a symmetry in the question which means that there must be a similar symmetry in the answer

often helps.

At the very least, you can avoid duplication of working by seeing symmetry in the question.

If you want to know what all the coefficients of all the terms in (a +b)5 add up to, you don’t have to

work out all the terms. Considering one special simple case will give you the answer. The coefficients

must still be valid if a = 1,b = 1, when all the powers of a and b are also 1. So what do the coefficients

add up to?

Another way you can use simple cases in many problems is first to consider a simplified version of

the problem, and then to build the full solution from that.

5.1 MAT problems which can be done just from symmetry or special-cases

Some solutions to these in appendix to this booklet.

1. MAT 2013 d
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2. MAT 2014 b

3. MAT 2012 j

4. MAT 2014 d

5. MAT 2014 f - The functions S and T are defined for real numbers by:

S(x) = x +1; and T (x) =−x
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The function S is applied s times and the function T is applied t times, in some order, to pro-

duce the function F (x) = 8−x

It is possible to deduce that: (a) s = 8 and t = 1. (b) s is odd and t is even. (c) s is even and t is

odd. (d) s and t are powers of 2. (e) none of the above.

6. MAT 2010 b

7. MAT 2014 h

8. MAT 2014 j

9. MAT 2013 h - The area bounded by the graphs y =
√

(2−x2) and x + (
p

2−1)y =p
2 equals: (a)

sin
p

2p
2

; (b) π
4 − 1p

2
; (c) π

2
p

2
; (d) π2 −6.

10. MAT 2013 i - The function F(k) is defined for positive integers by F (1) = 1,F (2) = 1,F (3) = −1

and by the identities F (2k) = F (k),F (2k +1) = F (k), for k ≥ 2. The sum F (1)+F (2)+F (3)+ . . .+
F (100) equals (a) −15; (b) 28; (c) 64; (d) 81
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5.2 I/1999/1

I/1999/1
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6 How to write maths

For STEP, as in real maths, "getting the right answer" is only a small part of it. Even more important

is logical, clear, concise reasoning on the way there.

https://mathsmartinthomas.wordpress.com/2017/03/18/writing-maths-from-euclid-to-today/

shows and discusses some excerpts from mathematical writing from Euclid to today.

Summary

• Write in sentences. Write in sentences. And once more: Write in sentences.

• Explain what you are doing – keep the reader informed.

• Every sentence should have a verb. Usually =,⇒, 7→, |,> or another inequality symbol.

• Always write each line below the previous one – not off to one side. Leave plenty of space

between lines and on the right-hand side of the page.

• Each line of working must be seen to follow logically from the previous one.

• Be concise and neat. Get as much of your working as you can on a single page, without ever

squashing it up.

• Write on one side of the paper only (so that you don’t make mistakes by copying expressions

wrongly from one side of a sheet to another). (STEP procedures now insist that you write in an

answer book, so you may not be able to write on one side only. You can help get round this by

writing concisely and neatly, so you don’t often have to take working from one page to the next,

and by being specially careful when you do have to do that).

Knowledge

You should know what A ⇔ B means - A is true if and only if B is true, as in "x is an even prime

number ⇔ x = 2". "A is a necessary and sufficient condition for B" is another way of saying it: being

2 is a necessary and sufficient condition for being an even prime number.

Starting examples

Write out clear, logically-watertight, well-explained, concise solutions to these problems.

1. A triangle is right-angled if and only if its sides a,b,c (where c is the greatest) satisfy c2 = a2+b2

2. The necessary and sufficient condition for ax2 +bx + c to be a perfect square is b2 = 4ac

3. Given two distinct fixed points A and B, a third point C moves in a circle passing through A and

B if and only if 6 ACB is constant
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STEP problems

For I/2007/2, notice (this is rare in STEP) that your choice of method for the question is limited. You

must do it using a trig formula, not using geometry. Your formula book will tell you

tan(A+B) = tan A+ tanB

1− tan A · tanB

You should indicate in your answer where you have used the fact that A and B are acute.

For II/2013/6, the examiners’ report records that "many students failed to give adequate explana-

tions of their reasoning".

About II/1998/1, Luciano Rila reports: "This question generated a lot of discussion. Students find it

particularly hard to find clarity in their solutions even though most of them can solve the question".

1. II/1998/1

2. I/2007/2 - (i) Given that A = arctan 1
2 and that B = arctan 1

3 (where A and B are acute) show, by

considering tan(A+B), that A+B = π
4 . The non-zero integers p and q satisfy

arctan
1

p
+arctan

1

q
= π

4

Show that (p −1)(q −1) = 2 and hence determine p and q.

(ii) Let r, s and t be positive integers such that the highest common factor of s and t is 1. Show

that, if

arctan
1

r
+arctan

s

s + t
= π

4
then there are only two possible values for t, and give r in terms of s in each case.

Gibson week 7

3. II/2013/6 - In this question, the following theorem may be used.

Let u1,u2, . . . be a sequence of (real) numbers. If the sequence is bounded above (that is, un ≤ b

for all n, where b is some fixed number) and increasing (that is, un ≥ un−1 for all n), then the

sequence tends to a limit (that is, converges).

19



The sequence u1,u2, . . . is defined by u1 = 1 and

un+1 = 1+ 1

un
(n ≥ 1) (?)

(i) Show that, for n ≥ 3

un+2 −un = un −un−2

(1+un)(1+un−2)

(ii) Prove, by induction or otherwise, that 1 ≤ un ≤ 2 for all n.

(iii) Show that the sequence u1,u3,u5, . . . tends to a limit, and that the sequence u2,u4,u6, . . .

tends to a limit. Find these limits and deduce that the sequence u1,u2,u3, . . . tends to a limit.

Would this conclusion change if the sequence were defined by (?) and u1 = 3?

Gibson week 3

4. I/2011/8 (i) The numbers m and n satisfy

m3 = n3 +n2 +1 (?)

(a) Show that m > n. Show also that m < n +1 if and only if 2n2 +3n > 0. Deduce that n < m <

n + 1 unless −3
2 ≤ n ≤ 0 . (b) Hence show that the only solutions of (?) for which both m and n

are integers are (m,n) = (1,0) and (m,n) = (1,−1). (ii) Find all integer solutions of the equation

p3 = q3 +2q2 −1

bit.ly/2011step. (None of the working in this question is specially difficult. But it requires a

little skill in factorisation. It requires you to be clear on the meaning of "if and only if", or ⇔.

And it requires care and clarity in setting out a relatively long chain of reasoning.)
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7 The maths of "how to count without counting" and probability

in STEP

Most STEP questions are long. After all, you have three hours to do four (or at most six) of them.

But STEP has some short-ish questions. Often they are really about counting possibilities, or simple

examples of what is called combinatorics. Key to them is, not quite a diagram, but something like a

diagram: a neat, clear, systematic tabulation of possible cases, what has been called a way of "how

to count without counting".

Many of the probability questions in STEP are of the same sort. They are very different from A level

questions. They require thinking of a sort different from A level. But they require no great knowledge

of probability theory, and often can be done quickly and briefly if you find a neat, clear, systematic

way of listing possibilities.

There are STEP or STEP-type problems not about probability which may ask you systematically to

count whole-number solutions; or to look for whole-number solutions; or find some solutions to

an equation (by numerical checking rather than anything very fancy) rather than "solving" it in the

sense of undertaking a full procedure to find all solutions. This sort of problem rarely comes up

in A-level work, but can often be solved more quickly than other STEP questions. Keep It Simple,

Sweetheart.

Here are a few useful bits of combinatorics, but do not assume that these by themselves will solve

STEP problems for you, or that a counting-type STEP problem necessarily calls for any of these

formulas

If you have n distinct objects, there are n · (n −1) · (n −2) · . . . ·2 ·1, or n! for short, different ways of

writing them in order (called permutations). You have n choices of which object to choose first, n−1

of which to choose second, n −2 of which to choose third, and so on.

On the same principle, you have

n · (n −1) · (n −2) · . . . · (n − r +2) · (n − r +1)

or
n!

(n − r )!
,

or nPr ways of writing just r of them in order, called permutations of r from n.

So that the formula n!
(n−r )! still applies when r = n, 0! is defined to be equal to 1.

For the choice of r objects from n, when you don’t care about the order - this is called a combination

of r from n - then each one choice will be counted r ! times among the permutations of the r objects

chosen, so you will have:

n · (n −1) · (n −2) · . . . · (n − r +2) · (n − r +1)

r !
,
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or
n!

r !(n − r )!
,

or nCr , or
(n

r

)
, or, in spoken language, n-choose-r, distinct ways of choosing the combination.

For some reason, nCr is used on calculator keypads and in school maths, but
(n

r

)
is always used in

university maths.

Examples:

1. A class has 30 students and 30 seats, and the teacher is required by school management to

produce a seating plan. How many possible seating plans are there?

2. The teacher can choose five students out of the 30 to do extra maths. How many choices does

she have?

(x + y)n =
(

n

0

)
xn +

(
n

1

)
xn−1 y +

(
n

2

)
xn−1 y2 + . . .+

(
n

r

)
xn−r y r + . . .+

(
n

n

)
yn

because you get xn−r y r terms by picking x from n−r of the n brackets in the product, each contain-

ing (x + y), and y from the remaining r , and there are
(n

r

)
ways of making that pick.

So the n-choose-r numbers are also called binomial coefficients.

Also, if a biased coin with probability p of coming up heads, and q = 1−p of tails, is tossed n times,

the probability that the number of heads X= r is:

P (X = r ) =
(

n

r

)
pr qn−r

This is called the binomial probability distribution.

22



Pascal’s triangle

Here are the n-choose-r numbers, or binomial coefficients, set out in a triangle, called Pascal’s Tri-

angle. Each row has the values for a particular n, and for r = 0,1,2 . . .n running across the row. The

top row is for n = 0.

Examples: Prove that (
n

r

)
=

(
n −1

r −1

)
+

(
n −1

r

)

Write out the next row of Pascal’s Triangle, the one starting 1,11, . . .
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The Inclusion-Exclusion Principle: N objects. Each may

have 0, 1, 2, or 3 of the properties α1,α2,α3. The number

of those objects which has none of those k properties is:

N −N (α1)−N (α2)−N (α3)+N (α2α3)+N (α3α1)+N (α1α2)−
N (α1α2α3)

Example: How many whole numbers between 1 and 6300 are divisible by none of 3, 5, and 7?

The Pigeonhole Principle

If n +1 (or more) objects are put into n boxes, then some box contains at least two objects.

Or more generally:

If n(r − 1)+ 1 or more objects are placed into n boxes, then some box contains at least r objects

(assuming r > 0).

Examples: If there are 25 students in a class, how many (at least) must have the same birthday month?

If there are six people at a party, prove that there must either be a trio who all know each other, or a

trio who all haven’t met before.
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STEP and STEP-type counting-possibilities and numerical questions not about probability

1. Siklos APM p.1 Q.1 - (i) Find all sets of positive integers a,b,c that satisfy the equation

1

a
+ 1

b
+ 1

c
= 1

(ii) Determine the sets of positive integers a,b,c that satisfy the inequality

1

a
+ 1

b
+ 1

c
≥ 1

2. I/2006/1 - Find the integer, n, that satisfies n2 < 33127 < (n +1)2. Find also a small integer m

such that (n +m)2 −33127 is a perfect square. Hence express 33127 in the form pq, where p

and q are integers greater than 1.

By considering the possible factorisations of 33127, show that there are exactly two values of

m for which (n +m)2 −33127 is a perfect square, and find the other value.

A solution at http://bit.ly/1-2006-1

3. I/2007/1 - A positive integer with 2n digits (the first of which must not be 0) is called a balanced

number if the sum of the first n digits equals the sum of the last n digits. For example, 1634 is a

4-digit balanced number, but 123401 is not a balanced number.

(i) Show that seventy 4-digit balanced numbers can be made using the digits 0, 1, 2, 3 and 4.

(ii) Show that 1
6 k(k +1)(4k +5) 4-digit balanced numbers can be made using the digits 0 to k.

You may use the identity
∑n

1 r 2 ≡ 1
6 n(n +1)(2n +1)

A solution at http://bit.ly/1-2007-1x

4. I/2000/1 - To nine decimal places, log10 2 = 0.301029996 and log10 3 = 0.477121255. Calculate

log10 5 and log10 6 to three decimal places. By taking logs, or otherwise, show that

5×1047 < 3100 < 6×1047.

Hence write down the first digit of 3100. Find the first digit of each of the following numbers:

21000; 210000; and 2100000.

Also at https://undergroundmathematics.org/exp-and-log/r9747
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5. I/2003/1 - It is given that
n∑

r=−1
r 2 can be written in the form pn3 + qn2 + r n + s, where p, q,r

and s are numbers. By setting n = −1,0,1 and 2, obtain four equations that must be satisfied

by p, q,r and s and hence show that

n∑
r=0

r 2 = 1

6
n(n +1)(2n +1).

Given that
n∑

r=−2
r 3 can be written in the form an4 +bn3 + cn2 +dn +e, show similarly that

n∑
r=0

r 3 = 1

4
n2(n +1)2.

Also at https://undergroundmathematics.org/sequences/r6143

6. I/2009/1 - A proper factor of an integer N is a positive integer, not 1 or N, that divides N. (i)

Show that 32 × 53 has exactly 10 proper factors. Determine how many other integers of the

form 3m × 5n (where m and n are integers) have exactly 10 proper factors. (ii) Let N be the

smallest positive integer that has exactly 426 proper factors. Determine N, giving your answer

in terms of its prime factors.

Also at Gibson week 1.

7.

I/2011/8.

bit.ly/

2011step
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Probability questions which rely just on systematically checking and tabulating possibilities

Sometimes working out the problem for n = 1,2,3 . . ., or for a simplified version of it, is a good start.

A solution at bit.ly/prob-mech

A solution at bit.ly/prob-mech

7.1 I/2012/13

I choose at random an integer in the range 10000 to 99999, all choices being equally likely. Given that

my choice does not contain the digits 0, 6, 7, 8 or 9, show that the expected number of different digits

in my choice is 3.3616.

https://mathsmartinthomas.wordpress.com/2018/03/08/1-2012-13/
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A solution at bit.ly/prob-mech

7.2 II/2015/12

Four players A, B, C and D play a coin-tossing game with a fair coin. Each player chooses a sequence

of heads and tails, as follows:

Player A: HHT; Player B: THH; Player C: TTH; Player D: HTT.

The coin is then tossed until one of these sequences occurs, in which case the corresponding player

is the winner.

(i) Show that, if only A and B play, then A has a probability of 1
4 of winning.

(ii) If all four players play together, find the probabilities of each one winning.

(iii) Only B and C play. What is the probability of C winning if the first two tosses are TT?

Let the probabilities of C winning if the first two tosses are HT, TH and HH be p, q and r, respectively.

Show that

p = 1

2
+ 1

2
q

Find the probability that C wins.
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7.3 I/2009/13

I seat n boys and 3 girls in a line at random, so that each order of the n + 3 children is as likely to occur

as any other. Let K be the maximum number of consecutive girls in the line so, for example, K = 1 if

there is at least one boy between each pair of girls.

(i) Find P(K = 3).

(ii) Show that

P (K = 1) = n(n −1)

(n +2)(n +3)
.

(iii) Find E(K).

A solution at https://mathsmartinthomas.wordpress.com/2017/01/24/some-more-step-solutions/
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8 Statistics and mechanics in STEP

Lots of students attempt no mechanics question, but usually at least one of the mechanics questions

is easy. So gearing yourself up for STEP mechanics is a good move. You need to have done some A

level mechanics for most STEP mechanics questions, but often not a lot. Ditto for STEP statistics.

In this session, students will choose whether they want to attempt STEP mechanics, or STEP statis-

tics, or both.

A solution at bit.ly/prob-mech

A solution at bit.ly/prob-mech
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I/2011/11

A thin non-uniform bar AB of length 7d has centre of mass at a point G, where AG = 3d. A light

inextensible string has one end attached to A and the other end attached to B. The string is hung

over a smooth peg P and the bar hangs freely in equilibrium with B lower than A. Show that

3sinα= 4sinβ

whereα and β are the angles PAB and PBA, respectively. Given that cosβ= 4
5 and thatα is acute, find

in terms of d the length of the string and show that the angle of inclination of the bar to the horizontal

is arctan 1
7 . – bit.ly/2011step

1.

I/ 2011/13.

bit.ly/

step-stats
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2.

I /2008/12.

bit.ly/

step-stats

3.

1/ 2014/13.

bit.ly/

step-stats
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4.

I /2016/13.

bit.ly/

step-stats

5.

II /2016/13.

bit.ly/

step-stats

33



9 Skills: Graph-sketching

Graph-sketching is used in STEP much more than in A level. Here are the basic rules:

Is the graph symmetrical about the x or y-axes? Or about some other lines? The graph is symmetrical

about the y-axis if replacing x by −x in the equation of the graph doesn’t change it.

The graph will have rotational symmetry if f (x) =− f (−x)

What happens as x becomes very large, positive or negative?

Look for singularities (x-values where y is undefined, and near which usually y goes to infinity).

Work out where the graph crosses the axes.

You may also think about where the turning points occur (by differentiating).

Arguments from symmetry will be useful in the first question below, I/1999/4, to sketch various sub-

sets defined by |...| relations. In the second question, I/2007/8, cubics touching each other, as often

in STEP, the best way to test for a tangent is not differentiation, but via showing that the equation for

intersection of the two curves has a double root.

9.1 I/1999/4

Sketch the following subsets of the x − y plane:

(i) |x|+ |y | ≤ 1

(ii) |x −1|+ |y −1| ≤ 1

(iii) |x −1|− |y +1| ≤ 1

(iv) |x||y −2| ≤ 1

Gibson week 4
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9.2 I/2007/8

A curve is given by the equation

y = ax3 −6ax2 + (12a +12)x − (8a +16) (?)

where a is a real number. Show that this curve touches the curve with equation

y = x3 (??)

at (2, 8). Determine the coordinates of any other point of intersection of the two curves.

(i) Sketch on the same axes the curves (?) and (??) when a = 2

(ii) Sketch on the same axes the curves (?) and (??) when a = 1

(iii) Sketch on the same axes the curves (?) and (??) when a =−2

wp.me/p4OKy0-1Fv or bit.ly/rila-l

9.3 II/2011/1

II/2011/1.

wp.me/

p4OKy0-

1Fv
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9.4 II/2013/3

II/2013/3.

Gibson

week 2

9.5 II/2004/3

II/2004/3.

bit.ly/rila-l

9.6 III/2004/2

III/2004/2.

bit.ly/rila-l
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10 Skills: factorise, factorise, factorise

As in A level maths, so in STEP, but more so, you should always to simplify algebraic working by

adapting the old ward-heeler slogan: vote early and vote often. Factorise early and factorise often.

You need to know these factorisations:

a3 −b3 = (a −b)(a2 +ab +b2)

a3 +b3 = (a +b)(a2 −ab +b2)

a4 −b4 = (a −b)(a +b)(a2 +b2)

1. I/2007/6 (i) Given that x2 − y2 = (x − y)3 and that x − y = d (where d 6= 0), express each of x and

y in terms of d. Hence find a pair of integers m and n satisfying

m −n = (
p

m −p
n)3

where m > n > 100.

(ii) Given that x3−y3 = (x−y)4 and that x−y = d (where d 6= 0), show that 3x y = d 3−d 2. Hence

show that

2x = d ±d

√
4d −1

3

and determine a pair of distinct positive integers m and n such that

m3 −n3 = (m −n)4

Gibson week 2

2.

I/2014/3.

bit.ly/1-

2014-3
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3.

II/2011/2.

bit.ly/2-

2011-2

4.

II/2009/7.

bit.ly/2-

2009-7
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11 First spiral: examples using the skills learned so far

Diagrams show how to start on I/2015/3 and III/2003/7

Symmetry shows how to start on I/2002/1

Special cases: seeing what happens in the b = 3a case in I/2015/3

11.1 I/2011/1

I/2011/1.

bit.ly/

2011step.

11.2 I/2002/1

Show that the equation of any circle passing through the points of intersection of the ellipse

(x +2)2 +2y2 = 18

and the ellipse

9(x −1)2 +16y2 = 25

can be written in the form

x2 −2ax + y2 = 5−4a

This is a good one on which to practice writing out a solution carefully. bit.ly/step-1stspiral. Also at

https://undergroundmathematics.org/circles/r8216
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11.3 I/2015/3

A prison consists of a square courtyard of side b bounded by a perimeter wall and a square building

of side a placed centrally within the courtyard. The sides of the building are parallel to the perimeter

walls. Guards can stand either at the middle of a perimeter wall or in a corner of the courtyard. If

the guards wish to see as great a length of the perimeter wall as possible, determine which of these

positions is preferable. You should consider separately the cases b < 3a and b > 3a

This is a good one on which to practice writing out a solution carefully. bit.ly/step-1stspiral.

11.4 III/2003/7

In the (x, y) plane, the point A has coordinates (a,0) and the point B has coordinates (0,b) where a and

b are positive. The point P, which is distinct from A and B, has coordinates (s,t). X and Y are the feet of

the perpendiculars from P to the x-axis and y-axis respectively, and N is the foot of the perpendicular

from P to the line AB. Show that the coordinates (x, y) of N are given by

x = ab2 −a(bt −as)

a2 +b2

y = a2b +b(bt −as)

a2 +b2

Show that, if (
t −b

s

)(
t

s −a

)
=−1

then N lies on the line XY. Give a geometrical interpretation of this result.

Also at: https://undergroundmathematics.org/geometry-of-equations/r5202

11.5 I/2006/2

A small goat is tethered by a rope to a point at ground level on a side of a square barn which stands in

a large horizontal field of grass. The sides of the barn are of length 2a and the rope is of length 4a. Let

A be the area of the grass that the goat can graze. Prove that A ≤ 14πa2 and determine the minimum

value of A.
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11.6 Extension of goat-and-barn problem

A goat is tethered to a square barn in a large field.

Make a good, reasoned guess for where to attach

the tether to give the goat maximum grazing area,

and then prove your answer. You’re not given

anything about the length of the tether. See

appendix to this booklet.

11.7 I/2011/10

I/2011/10 - A particle, A, is dropped from a point P which is at a height h above a horizontal plane. A

second particle, B, is dropped from P and first collides with A after A has bounced on the plane and

before A reaches P again. The bounce and the collision are both perfectly elastic. Explain why the

speeds of A and B immediately before the first collision are the same.

The masses of A and B are M and m, respectively, where M > 3m, and the speed of the particles

immediately before the first collision is u. Show that both particles move upwards after their first

collision and that the maximum height of B above the plane after the first collision and before the

second collision is

h + 4M(M −m)u2

(M +m)2g

bit.ly/2011step or bit.ly/step-1stspiral

11.8 I/2015/12

The number X of casualties arriving at a hospital each day follows a Poisson distribution with mean

8; that is,

P (X = n) = 1

n!
e−88n ,n = 0,1,2, . . .

Casualties require surgery with probability 1
4 . The number of casualties arriving on any given day is

independent of the number arriving on any other day and the casualties require surgery indepen-
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dently of one another. (i) What is the probability that, on a day when exactly n casualties arrive,

exactly r of them require surgery? (ii) Prove (algebraically) that the number requiring surgery each

day also follows a Poisson distribution, and state its mean. (iii) Given that in a particular randomly

chosen week a total of 12 casualties require surgery on Monday and Tuesday, what is the probability

that 8 casualties require surgery on Monday? You should give your answer as a fraction in its lowest

terms. (A solution at bit.ly/ step-stats).
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12 "Swimming underwater"

A lot of STEP questions require the ability to keep your nerve and your balance through unfamiliar

and maybe long chains of algebraic working.

Clearly define any variables you introduce, and never use the same letter in the same problem for

two different quantities.

Write clearly and neatly, each line under the previous one (not off on a side).

Leave plenty of space for corrections.

Write on one side of the paper only, if you can, so that you don’t make slips taking your working from

one side to another. (STEP procedures now insist that you write in an answer book, so you may not

be able to write on one side only. You can help get round this by writing concisely and neatly, so you

don’t often have to take working from one page to the next, and by being specially careful when you

do have to do that).

Be concise.

Factorise often and well.

Simplifying your work by using dimensional analysis to allow you to put some variables = 1 for the

working and restoring them at the end, or shifting the origin to put some vector = 0, may also help.

Look out for symmetry in the problem; even if the symmetry doesn’t point to a solution, keeping that

symmetry as you go through your working is a useful guide to keeping it legible, neat, and accurate.

Make sure you signal in your working where you have used conditions, such as p 6= 0,r 6= 0 in the

first question below. List the conditions in a "conditions box", and cross each one off when you have

signalled in your working that you’ve used it.

For the first question below you need the Vieta formulas for a cubic equation

x3 +a1x2 +a2x +a3 = 0

Sum of roots =−a1

Product of roots =−a3

For the third one, I/2011/2, use the identity

x

1+x
≡ 1− 1

1+x

This identity, and ones like it for a+bx
c+d x for other a,b,c,d , are useful for integrating functions like that,

and for differentiating them, and for graphing them.
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1.

Siklos

APCM

Q.29 bit.ly/

siklos-29

2. I/1999/2 - A point moves in the x, y plane so that the sum of the squares of its distances from

the three fixed points (x1, y1), (x2, y2), (x3, y3) is always a2. Find the equation of the locus of the

point and interpret it geometrically. Explain why a2 cannot be less than the sum of the squares

of the distances of the three points from their centroid. [The centroid has coordinates (x̄, ȳ)

where 3x̄ = x1 +x2 +x3,3ȳ = y1 + y2 + y3]

Solution at http://bit.ly/sum-sq

3.

I/2009/7.

Gibson

week 11

4.

I/2011/2.

bit.ly/

2011step
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5.

I/2009/4.

bit.ly/

1-2009-4

6. I/2011/4 - The distinct points P and Q, with coordinates (ap2,2ap) and (aq2,2aq) respectively,

lie on the curve y2 = 4ax. The tangents to the curve at P and Q meet at the point T. Show that

T has coordinates (apq, a(p +q). You may assume that p 6= 0and q 6= 0.

The point F has coordinates (a,0) and φ is the angle TFP. Show that

cosφ= pq +1

(p2 +1)(q2 +1)

and deduce that the line FT bisects the angle PFQ.

bit.ly/2011step

[This question, and the following one, aren’t much different from slightly-more-difficult-than-

usual A level questions. Unusually in STEP, a particular (algebraic) method is prescribed for the

questions. Both can be done neatly by geometry, bit.ly/parabola7; but, although diagrams are

often important for STEP problems, on the whole STEP does not "do" geometry.]

7.

I/2005/2.

Gibson

week 5
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8.

I/2011/7.

bit.ly/

2011step.

Ease

working by

putting

H=1?

9. I/2017/1 - (i) Use the substitution u = x sin x +cos x to find∫
x

x tan x +1
dx

Find by means of a similar substitution or otherwise∫
x

x cot x −1
dx

(ii) Use a substitution to find ∫
x sec2 x + tan x

x sec2 x − tan x
dx

and ∫
x sin x cos x

(x − sin x cos x)2
dx

– http://bit.ly/1-2017-1x
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13 Second spiral: diagrams, special cases, whole-number

calculations, graph-sketching, factorising, "swimming

underwater"

13.1 STEP I questions

For the first one, I/2011/9, the particle going over two walls, consider that you don’t need to know

anything about when the projectile reaches the points on its trajectory - the equations connecting y

with time t , and x with t . You need only know the form of the equation connecting y and x. What is

that?

For the second one, I/2011/3, about sin. . .sin. . .sin and other trig expressions, review your knowl-

edge of the following trig expressions: sin(A +B),sin(π2 − A), cosec2x
cotx . And of the product rule for dif-

ferentiation with three terms : (uv w)′ = . . .

The third question, I/2006/10, the particle in the barn, has quite a lot of working. As often in STEP,

the way to test for a tangent (the trajectory just touching the roof, i.e. the roof being a tangent to the

trajectory) is via the discriminant of the equation for intersection of the line and the curve showing

that equation has a double root. You use discriminants a lot in STEP (see fourth question, I/2005/3,

for example).

For the fifth question, I/2007/4, the cubic and the two equations which have a common root, take

care about your "conditions box".

1. I/2011/9 - A particle is projected at an angle θ above the horizontal from a point on a horizontal

plane. The particle just passes over two walls that are at horizontal distances d1 and d2 from

the point of projection and are of heights d2 and d1, respectively. Show that

tanθ = d1
2 +d1d2 +d2

2

d1d2

Find (and simplify) an expression in terms of d1 and d2 only for the range of the particle.

2011 solutions at bit.ly/2011step.
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2.

I/2011/3.

bit.ly

/2011step

3.

I/2006/10.

bit.ly/1-

2006-10

4. I/2017/9 - A particle is projected at speed u from a point O on a horizontal plane. It passes

through a fixed point P which is at a horizontal distance d from O and at a height d tanβ above

the plane, where d > 0 and β is an acute angle. The angle of projection α is chosen so that u is

as small as possible.

(i) Show that u2 = g d tanα and 2α=β+90◦

(ii) At what angle to the horizontal is the particle travelling when it passes through P? Express

your answer in terms of α in its simplest form.

bit.ly/1-2017-9
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5.

I/2007/4.

Gibson

week 2

6. I/2005/3 - In this question a and b are distinct, non-zero real numbers , and c is a real number.

(i) Show that, if a and b are either both positive and both negative, then the equation

x

x −a
+ x

x −b
= 1+ c

has exactly one real solution if c2 =− 4ab
(a−b)2 . Show this condition can be written

c2 = 1− (
a +b

(a −b)
)2

and deduce that it can only hold if 0 < c2 < 1

Gibson week 2

7.

I/2009/2.

Gibson

week 5
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8.

I/2013/2.

Gibson

week 8

9.

I/2005/7.

Gibson

week 8

10.

I/2006/4.

Gibson

week 10
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11.

I/2013/1.

Gibson

week 2

12.

I/2009/3.

Gibson

week 10

13. I/2011/6 - Use the binomial expansion to show that the coefficient of xr in the expansion of

(1−x)−3 is 1
2 (r +1)(r +2).

(i) Show that the coefficient of xr in the expansion of

1−x +2x2

(1−x)3

is r 2 +1 and hence find the sum of the series

1+ 2

2
+ 5

4
+ 10

8
+ 17

16
+ 26

32
+ 37

64
+ 50

128
+ . . .

(ii) Find the sum of the series

1+2+ 9

4
+2+ 25

16
+ 9

8
+ 49

64
+ . . .

2011 solutions at bit.ly/2011step. This is a question where the difficulty is keeping your mind

clear through a long chain of reasoning.
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14.

I/2013/5.

Gibson

week 4

15. I/2007/5 - Note: a regular octahedron is a polyhedron with eight faces each of which is an equi-

lateral triangle

(i) Show that the angle between any two faces of a regular octahedron is arccos(−1
3 )

(ii) Find the ratio of the volume of a regular octahedron to the volume of a cube whose vertices

are the centres of the faces of the octahedron.

Gibson week 5
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13.2 STEP II questions

Working in the first question, II/2007/8, can be simplified by shifting the origin so that a = 0. This is

a ploy often useful in STEP.

Before you attempt the second question, II/2011/4, work out the exact value (as a surd) of
√

(6+2
p

5).

Notice that in the last part you are not being asked to solve the equation. You are asked only to find

two values for which the equation is satisfied, without determining whether there are more, or how

many.

1.

II/2007/8.

wp.me/

p4OKy0-

1Fv

2.

II/2011/4.

Gibson

week 7
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3.

II/2009/6.

bit.ly/II-

2009-6.

Gibson

week 3

4.

II/2013/2.

Gibson

week 6

5.

II/2009/8.

Gibson

week 12
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6.

II/1999/1.

Gibson

week 8

7.

II/2009/4.

Gibson

week 11

8.

II/2007/7.

wp.me/

p4OKy0-

1Fv
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9.

II/2006/2.

Gibson

week 10

10.

II/2009/5.

Gibson

week 6

11.

II/2007/6.

wp.me/

p4OKy0-

1Fv

12. II/2012/5 - Sketch the curve y = f (x) where

f (x) = 1

(x −a)2 −1
(x 6= a ±1),

and a is a constant.
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The function g (x) is defined by

g (x) = 1

((x −a)2 −1)((x −b)2 −1)
(x 6= a ±1, x 6= b ±1)

where a and b are constants, and b > a. Sketch the curves y = g (x) in the two cases b > a +2

and b = a +2, finding the values of x at the stationary points.

On Underground Mathematics at https://undergroundmathematics.org/product-rule/r6855

13.

II/2013/4.

wp.me/

p4OKy0-

1Fv

14.

II/2009/2.

Gibson

week 10

15. II/2007/2 - A curve has equation y = 2x3 −bx2 + cx. It has a maximum point at (p,m) and a

minimum point at (q,n) where p > 0 and n > 0. Let R be the region enclosed by the curve, the

line x = p and the line y = n.

(i) Express b and c in terms of p and q .

(ii) Sketch the curve. Mark on your sketch the point of inflection and shade the region R. De-

scribe the symmetry of the curve.
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(iii) Show that m −n = (q −p)3

(iv) Show that the area of R is 1
2 (q −p)4

Gibson week 6

16.

II/2011/8.

A solution

at bit.ly/2-

2011-8x
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13.3 STEP III questions

This first question from STEP III is not hard so long as you don’t do it the way recommended by the

official STEP solutions, but instead start by carefully and thoughtfully doing diagrams before you get

into any working. In a move which helps often, you can make the working simpler by putting a = 1

(and adjusting your answer later, using dimensionality: in this case, no adjustment is needed).

1. III/2007/9 - Two small beads, A and B, each of mass m, are threaded on a smooth horizontal

circular hoop of radius a and centre O. The angle θ is the acute angle determined by 2θ = AOB .

The beads are connected by a light straight spring. The energy stored in the spring is

mk2a2(θ−α)2

where k and α are constants satisfying k > 0 and π
4 < α < π

2 . The spring is held in compres-

sion with θ = β and then released. Find the period of oscillations in the two cases that arise

according to the value of β and state the value of β for which oscillations do not occur.

Solution at http://bit.ly/3-2007-9

2.
Siklos APM

Q.12

3. III/2007/6 - The distinct points P, Q, R and S in the Argand diagram lie on a circle of radius a

centred at the origin and are represented by the complex numbers p, q,r, s respectively. Show

that

pq =−a2 p −q

p ∗− q∗
Deduce that, if the chords PQ and RS are perpendicular, then pq + r s = 0. The distinct points

A1, A2 . . . An (where n ≥ 3) lie on a circle. The points B1,B2, . . .Bn lie on the same circle and are

chosen so that the chords B1B2,B2B3, . . .BnB1 are perpendicular, res pectively, to the chords

A1 A2, A2 A3, . . . An A1. Show that, for n = 3, there are only two choices of B1 for which this is

possible. What is the corresponding result for n = 4? State the corresponding results for values

of n greater than 4.
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Solution at wp.me/p4OKy0-1Fv

4. III/2012/3 - It is given that the two curves y = 4−x2 and mx = k−y2, where m > 0, touch exactly

once.

i. In each of the following four cases, sketch the two curves on a single diagram, noting the

coordinates of any intersections with the axes:

a. k < 0;

b. 0 < k < 16,k/m < 2;

c. k > 16,k/m > 2;

d. k > 16,k/m < 2.

ii. Now set m = 12. Show that the x-coordinate of any point at which the two curves meet

satisfies

x4 −8x2 +12x +16−k = 0

Let a be a value of x at the point where the curves touch. Show that a satisfies

a3 −4a +3 = 0

and hence find the three possible values of a. Derive also the equation

k =−4a2 +9a +16

Which of the four sketches in part (i) arise?

At Underground Maths https://undergroundmathematics.org/chain-rule/r5739

5. III/2000/1 - Sketch on the same axes the two curves C 1 and C 2, given by

C1: x y = 1

C2: x2 − y2 = 2

The curves intersect at P and Q. Given that the coordinates of P are (a,b) (which you need not

evaluate), write down the coordinates of Q in terms of a and b.

The tangent to C1 through P meets the tangent to C2 through Q at the point M, and the tangent

to C2 through P meets the tangent to C1 through Q at N. Show that the coordinates of M are

(−b, a) and write down the coordinates of N.

Show that PMQN is square.
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At Underground Maths, https://undergroundmathematics.org/chain-rule/r7833

6. III/2008/1 - Find all values of a,b, x, y that satisfy

a +b = 1

ax +by = 1

3

ax2 +by2 = 1

5

ax3 +by3 = 1

7

[Hint: you may wish to start by multiplying the second equation by x + y]

At Underground Maths, https://undergroundmathematics.org/polynomials/r6871

7. III/2001/3 - Consider the equation

x2 −bx + c = 0

where b and c are real numbers.

Show that the roots of the equation are real and positive if and only if b > 0b and b2 ≥ 4c > 0,

and sketch the region of the b − c plane in which these conditions hold.

Sketch the region of the b − c plane in which the roots of the equation are real and less than 1

in magnitude.

At Underground Maths, https://undergroundmathematics.org/quadratics/r5138

8.

III/2009/6.

wp.me/

p4OKy0-

1Fv

9.

III/2011/6.

wp.me/

p4OKy0-

1Fv
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10.

III/2007/8.

wp.me/

p4OKy0-

1Fv

11.

(Cute Step III type problem from David Tong’s Cambridge course

notes)

The mass of the left-hand ball = M = 16 ·100N ·m, where N is an

integer. The heavy ball rolls to the right and collides elastically with

the light ball, which then collides elastically with the wall and

bounces back.

Show that p(N ), the number of times the heavy ball hits the lighter one before it turns around

and starts heading in the opposite direction, is given by:

p(N ) = the first N +1 digits of π, i.e. p(0) = 3, p(1) = 31, p(2) = 314, p(3) = 3141 and so on.

http://www.damtp.cam.ac.uk/user/tong/relativity/five.pdf
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14 Juggling with two related variables

An unfamiliar feature of some STEP questions is that they ask you to undertake a long chain of al-

gebraic working involving two or more variables which are directly connected with each other (as r

and θ are connected in the first question below, III/2007/5). At each stage of the working you have

to think about whether you can go forward better by using the relations between the variables to

simplify or reconfigure the expressions you’re working on.

1.

III/ 2007/5.

Gibson

week 9

2.

II/2011/7.

Gibson

week 11
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3.

III/ 2011/5.

Gibson

week 11

15 Edgy mechanics

Among STEP mechanics questions are some different from anything you’ll get in A level. They ask

you to calculate an object’s behaviour as it falls over an edge. You have to think through (1) the forces

on the object as it turns on the edge (2) what changes in those forces when the object loses contact
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with the edge and starts falling freely. For the second problem, III/1999/11, you need, I think, the

parallel axis theorem - http://hyperphysics.phy-astr.gsu.edu/hbase/parax.html. The third problem

(Siklos APM Q.24) does not have the hoop falling off the edge of a table, but has similar different-

from-A-level features.

1.

III/

2007/11.

Gibson

week 12

2. III/ 1999/11

wp.me/p4OKy0-1Fv

3.
Siklos APM

24
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16 More probability questions

16.1 Introduction

In some questions, the problem is how to define the possibilities, and the rest is easy once you have

conceptualised the problem.

Visualise if you can, by various sorts of tables or trees, or in any case list possibilities systematically.

n different objects can be ordered in n! different ways.

You can choose an ordered list of r objects from n in nPr = n!
(n−r )! ways

You can choose r objects (not worrying about the order) from n in nCr = n!
(n−r )! = n(n−1)(n−2)...(n−r+1)

r !

ways.

That’s all you need for formulas. The job is to conceptualise or visualise the problem.

16.2 I/2008/13. The six chairs example

Three married couples sit down at a round table at which there are six chairs. All of the possible

seating arrangements of the six people are equally likely.

(i) Show that the probability that each husband sits next to his wife is 2
15

(ii) Find the probability that exactly two husbands sit next to their wives.

(iii) Find the probability that no husband sits next to his wife.

(bit.ly/1-2008-13. See appendix for notes. The numbers here - though not in most problems - are

small enough that you can get the answer by writing out the 120 possible arrangements in a tree. The

trick is finding ways of showing those possibilities more concisely. A useful tool in this and many

similar problems like this is the fact that the expected value of a sum of random variables is the sum

of the expected values:

E(X +Y +Z + . . .) = E(X )+E(Y )+E(Z )+ . . .

even if X ,Y , Z . . . are correlated with each other. So you can find the expected number of adjacent

couples straight off. Then you have two equations. The probabilities of 0, 1, 2, 3 adjacent couples,

Q(0),Q(1),Q(2),Q(3) add up to 1; and Q(1)+2Q(2)+3Q(3) = expected number. Now you only have

to find two of Q(0),Q(1),Q(2),Q(3) to get them all).
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16.3 I/2013/13

From the integers 1,2, . . .52, I choose seven (distinct) integers at random, all choices being equally

likely. From these seven, I discard any pair that sum to 53. Let X be the random variable the value of

which is the number of discarded pairs. Find the probability distribution of X and show that E(X ) =
7

17

Note: 7×17×47 = 5593

Solution: http://bit.ly/1-2013-13

16.4 1/2011/12

I/ 2011/12.

bit.ly/

2011step

16.5 I/2007/13

A bag contains eleven small discs, which are identical except that six of the discs arc blank and five

of the discs are numbered, using the numbers 1, 2, 3, 4 and 5. The bag is shaken, and four discs are

taken one at a time without replacement.

Calculate the probability that:

(i) all four discs taken are numbered;

(ii) all four discs taken are numbered, given that the disc numbered "3" is taken first;

(iii) exactly two numbered discs are taken, given that the disc numbered "3" is taken first;

(iv) exactly two numbered discs are taken, given that the disc numbered ":3" is taken;
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(v) exactly two numbered discs are taken, given that a numbered disc is taken first;

(vi) exactly two numbered discs are taken, given that a numbered disc is taken.

A solution at https://mathsmartinthomas.wordpress.com/2017/01/24/some-more-step-solutions/

16.6 I/2016/12

(i) Alice tosses a fair coin twice and Bob tosses a fair coin three times. Calculate the probability that

Bob gets more heads than Alice.

(ii) Alice tosses a fair coin three times and Bob tosses a fair coin four times. Calculate the probability

that Bob gets more heads than Alice.

(iii) Let p1 be the probability that Bob gets the same number of heads as Alice, and let p2 be the

probability that Bob gets more heads than Alice, when Alice and Bob each toss a fair coin n times.

Alice tosses a fair coin n times and Bob tosses a fair coin n + 1 times. Express the probability that Bob

gets more heads than Alice in terms of p1 and p2, and hence obtain a generalisation of the results of

parts (i) and (ii).

Solution to come

16.7 II/2016/12

Starting with the result P (A∪B) = P (A)+P (B)−P (A∩B), prove that

P (A∪B ∪C ) = P (A)+P (B)+P (C )−P (A∩B)−P (B ∩C )−P (C ∩ A)+P (A∩B ∩C )

Write down, without proof, the corresponding result for four events A, B, C and D.

A pack of n cards, numbered 1,2, . . .n, is shuffled and laid out in a row. The result of the shuffle is that

each card is equally likely to be in any position in the row. Let Ei be the event that the card bearing

the number i is in the i’th position in the row. Write down the following probabilities:

(i) P (Ei )

(ii) P (Ei ∩E j ), where i 6= j

(iii) P (Ei ∩E j ∩Ek ), where i 6= j , j 6= k,k 6= i .

Hence show that the probability that at least one card is in the same position as the number it bears

is

1− 1

2!
+ 1

3!
− . . .+ (−1)n+1 1

n!
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Find the probability that exactly one card is in the same position as the number it bears.

Solution to come.

16.8 I/2015/13

A fair die with faces numbered 1,2, . . .6 is thrown repeatedly. The events A, B, C, D and E are defined

as follows.

A: the first 6 arises on the nth throw.

B: at least one 5 arises before the first 6.

C: at least one 4 arises before the first 6.

D: exactly one 5 arises before the first 6.

E: exactly one 4 arises before the first 6.

Evaluate the following probabilities:

(i) P (A) (ii) P (B) (iii) P (B ∩C ) (iv) P (D) (v) P (D ∪E)

For some parts of this question, you may want to make use of the binomial expansion in the form:

(1−x)−n = 1+nx + n(n +1)

2
x2 + . . .+ (n + r −1)!

r !(n −1)!
xr + . . .

Solution to come

16.9 I/2013/12

Each day, I have to take k different types of medicine, one tablet of each. The tablets are identical in

appearance. When I go on holiday for n days, I put n tablets of each type in a container and on each

day of the holiday I select k tablets at random from the container.

(i) In the case k = 3, show that the probability that I will select one tablet of each type on the first day

of a three-day holiday is 9
28 .

Write down the probability that I will be left with one tablet of each type on the last day (irrespective

of the tablets I select on the first day).

(ii) In the case k = 3, find the probability that I will select one tablet of each type on the first day of an

n-day holiday.
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(iii) In the case k = 2, find the probability that I will select one tablet of each type on each day of an

n-day holiday, and use Stirling’s approximation

n! ≈p
2nπ(

n

e
)n

to show that this probability is approximately 2−npnπ

Solution to come

16.10 II/2007/12

I have two identical dice. When I throw either one of them, the probability of it showing a 6 is p and

the probability of it not showing a 6 is q, where p + q = 1. As an experiment to determine p, I throw

the dice simultaneously until at least one die shows a 6. If both dice show a six on this throw, I stop.

If just one die shows a six, I throw the other die until it shows a 6 and then stop.

(i) Show that the probability that I stop after r throws is pqr−l (2−qr−l −qr ), and find an expression

for the expected number of throws.

[Note: You may use the result
∑∞

0 r x4 = x(1−x)−2].

(ii) In a large number of such experiments, the mean number of throws was m. Find an estimate for

p in terms of m.

A solution at https://mathsmartinthomas.wordpress.com/2017/01/24/some-more-step-solutions/
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17 Some possible answers to the "symmetry and special cases"

section

1. MAT 2011 b

Suppose it’s a 1×1 square. Which of the inequalities is valid? Only (a) and (c). Suppose it is a

very tiny square (say side 0.0001). Which of the inequalities is still valid? Only (c).

2. MAT 2014

The inequality has only even powers of x in it, so it’s true for x if it’s true for −x. Therefore the

interval for which it is satisfied must be: symmetrical around zero. Therefore the answer is: (a)

−3 < x < 3.

3. MAT 2013 d

Symmetry: rewriting the equation as x4 = y2 +2y +1 = (y +1)2 shows it is symmetrical around

x = 0 and y =−1. So: (b).

4. MAT 2014 b

Symmetry: rewriting the equation as y = log10((x − 1)2 + 1) shows it is symmetrical around

x = 1. Simple special case: when x = 1, y = 0. So: (e).

5. MAT 2012 j

Simple special case: when θ = π
2 , PQR is in a semicircle, and QR is a diameter, so area = 1+ π

2 .

So: (b).

6. MAT 2014 d

Simple special case: consider when m is very large. Then the line y = mx is almost the y-axis,

and the reflection is almost (-1,0). The only formula which fits is (d).

7. MAT 2014 f

TT brings us back where we started (so it’s a symmetry transformation), and so does STST or

TSTS. Either way, that’s adding an even number of Ts and an even number of Ss. We must have

an odd number of Ts in order to get the minus in 8− x, and eight Ss (plus an even number) to

get the 8. (c): odd number of Ts, even number of Ss.

8. MAT 2010 b

Simple special case: when n=0, the sum is 0, which rules out all except (a) and (d). When n=1,

the sum is 2, which means it must be (a).
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9. MAT 2014 h

Symmetry: F goes through the same pattern of increase in every cycle of six numbers, n=1 to

6, n=7 to 12, n=13 to 18, etc. The increase over each cycle of six numbers is the same. So the

answer must be a multiple of 1000; so, (c).

10. MAT 2014 j∫ 1
−1 f (t )dt is just a number. Call it A. The interval [−1,1] is symmetrical around x=0, so the

integral of f(−x) from −1 to 1 is the same as the integral of f(x) from −1 to 1. It is A. Integrate the

given equation between the bounds -1 and 1.

12+ A = 2A+3A
∫ 1
−1 x2 dx, so A=4

11. MAT 2013 h

The area is a sector of a circle minus a triangle, so a circle-type area minus a triangle-type area,

so a "π" bit minus something with "
p

2" bits. So it’s (b).

12. MAT 2013 i

F repeats its values, so all its values are either 1 or −1. The −1 values come in patches of

1,2,4,8. . . (each patch doubling the previous one). Up to 100, you get the patches 1, 2, 4, 8,

16 (total 31), plus the first five of the 32-patch, in all 36 −1 values. 64×1+36×−1 gives us 28,

or (c).

13. STEP 1999 Q.1

First considering a simplified case: Consider integers greater than or equal to zero and less

than ten. 9, �8,7, �6, �5, �4,3, �2,1, �0

Four of those 10 integers not divisible by 2 or by 5. But the same will be true of every group of

10. So the number of the integers greater than or equal to 0, and less than a million, which are

not divisible by 2 or by 5, is 400,000.

If you add��10, this list is symmetrical, but also unchanged, so its average is 5. Then every group

of 10 you add leaves the list, with the top number added and then cancelled (��20, ��30, . . . ) still

symmetrical. So the average for the list up to one million is 500,000.

4179 = 21×199, so this is a similar problem to the previous one, only we should consider sub-

groups of 21.

20,19,��18,17,16,��15,��14,13,��12,11,10, �9,8, �7, �6,5,4, �3,2,1, �0

12 of these integers not divisible, so the number of not-divisible integers in the list up to 4179

is 12×199 = 2388. Again, symmetrical, so average for those up to 21 is 21
2 , and average for the

list up to 4179 is 2089 1
2 .
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18 Dimensional analysis

A tool useful in mechanics but not taught at A level is dimensional analysis.

Dimensional analysis is a way to find what general shape a formula must be, or to check whether an

answer in mechanics is "sensible", without finding the exact coefficients.

Some mechanics (and other) problems can be solved or large-part-solved by dimensional analysis

alone. In STEP questions, you can very often at least use dimensional analysis as a running check

on your working, or even set lengths, masses, and such in the problem equal to 1, thus simplifying

working, and then reintroduce them as variables in your answer just by checking dimensions.

The dimensionality of a quantity X is denoted by [X ] and in STEP mechanics the dimensions will be

some multiple of mass M, length L, and time T. For example, if a is acceleration:

[a] = LT−2

Thus, the volume of a sphere has dimension L3, so must be (some constant) ×r 3. So ifα = the volume

of a sphere of radius 1, then the formula is α · r 3.

The centripetal acceleration of a particle in circular motion with radius r and angular velocity ω has

dimension LT−2, so must be (some constant) ω2r .

Practice questions which can be done by dimensional analysis alone, or almost alone

18.1 Escape velocity

Oxford Uni interview question: Escape velocity from Earth is about 11,000 metres per second, and

the radius of the Earth is about 6,000,000 metres. A good high jump is about 2 metres. How small

would an asteroid (of similar density to Earth) have to be that you could reach escape velocity from

it just by jumping?

18.2 Period of pendulum

Find out as much as you can about the formula for the period of a pendulum of small amplitude θ,

bob mass m and length l , when the gravitational acceleration is g . Does the period depend on m?

Some STEP and STEP-like problems

18.3 I/2011/10

(Dimensional analysis tells you in advance that u and g must appear in the answer as a u2

g term).
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I/2011/10 - A particle, A, is dropped from a point P which is at a height h above a horizontal plane. A

second particle, B, is dropped from P and first collides with A after A has bounced on the plane and

before A reaches P again. The bounce and the collision are both perfectly elastic. Explain why the

speeds of A and B immediately before the first collision are the same.

The masses of A and B are M and m, respectively, where M > 3m, and the speed of the particles

immediately before the first collision is u. Show that both particles move upwards after their first

collision and that the maximum height of B above the plane after the first collision and before the

second collision is

h + 4M(M −m)u2

(M +m)2g

bit.ly/2011step or bit.ly/step-1stspiral

18.4 I/2007/9

A particle of weight W is placed on a rough plane inclined at an angle of θ to the horizontal. The

coefficient of friction between the particle and the plane is µ. A horizontal force X acting on the

particle is just sufficient to prevent the particle from sliding down the plane; when a horizontal force

k X acts on the particle, the particle is about to slide up the plane. Both horizontal forces act in the

vertical plane containing the line of greatest slope.

Prove that (k −1)(1+µ2)sinθcosθ =µ(k +1)

and hence that k ≥ (1+µ)2

(1−µ)2

Solution at wp.me/ p4OKy0-1Fv

18.5 Ball and bucket

(Based on an MIT course problem. Dimensional analysis helps you to get the shape of the formula

for θ. Or you can approach it via simple special cases: consider the problem for g = 0, and then

consider how things change if g > 0.)

Ashley drops a bucket from a height h above the ground. At the same moment Brenda, at ground

level and at a horizontal distance s from the falling bucket, throws a ball with speed v at exactly the

right angle θ to hit the bucket as it falls. Brenda’s height is negligible compared to h. Find θ, the time

T at which the ball hits the bucket, and the minimum v to be able to hit the bucket before it reaches

the ground.
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18.6 III/2007/10

(Dimensional analysis tells you that in advance that V and g must appear in the answer as a V 2

g term).

19 Some possible answers to problems with dimensional analysis

1. Escape velocity: Use the formulas above to calculate the starting velocity for a high jump of 2

metres. It’s 6 ms−1.

Calculate dimensions of G, which are M−1L3T−2

Escape velocity v = constant ·GαMβRγ, if M is mass of asteroid or planet and R is radius.

[v]= LT−1, so dimensional analysis shows α=β= 1
2 ,γ=−1

2

So v = const ·
√

GM
R . With the same density, M is proportional to R3, so v is proportional to R.

So the radius of the asteroid is 6,000,000× 6
11,000 , or a bit more than 3000 metres.

2. Period of pendulum: The amplitude θ is dimensionless, so dimensional analysis alone can’t

determine how that enters the equation. In fact it’s complicated unless we can assume θ is

small. If the equation for the period P is:

P =C · f (θ)mαlβgγ

take dimensions and get

T = MαLβ(LT−2)γ
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so α= 0,β= 1
2 ,γ= −1

2 . We now know that the period does not depend on the mass of the bob,

and it’s of the form:

P =C · f (θ)

√
l

g

Finding C · f (θ) requires knowing a little about circular motion, but

can be done without calculus. Suppose the pendulum swings round

in a circle as shown. Assume that θ is small enough that we can take

sinθ ≈ θ,cosθ ≈ 1. If θ is small, the physics of the bob going round

one of the semicircles are the same as it for its projection onto an arc

in the plane, so the period is the same as for ordinary

swinging-to-and-fro-in-the-plane pendulum motion. Only now the

speed round the circle is constant, which will help.

If the speed of the pendulum round the circle is v, the force pulling the pendulum towards the

centre must be mv2

lθ . It is also the horizontal component of the tension in the string, so = mgθ.

Equating, v =√
l gθ, and the period is the time taken to traverse a circle circumference 2πlθ at

that speed, so P = 2π
√

l
g .

3. Ball and bucket

v has dimension LT−1, and g has dimension LT−2, but θ is dimensionless, so any formula for θ

which includes v or g must include them in form ( v2

g )α for some α.

If α is positive, then the formula for θ will blow up for g = 0. That can’t be right, because θ is

perfectly well defined as arctan h
s if g = 0. If α is negative, then we get a zero or extreme value

for θ if g = 0. That can’t be right either, for the same reason. So α= 0, θ does not depend on v

and g , and θ = arctan h
s whatever v and g are.
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Or: consider when g is negligibly small. Then θ = arctan h
s and the ball hits the bucket after it

has dropped only a negligible distance. Check: h
s is dimensionless. Imagine g increases. The

bucket falls, and the ball falls off vertically from the trajectory it would have with negligible

g , both with the same acceleration g , and over the same time as each other. Therefore, as g

increases from negligible amounts, the required angle θ remains the same, because the falling-

down and the falling-off increase exactly in line with each other. Therefore, whatever g , θ =
arctan h

s .

This second tack is better, because dimensional analysis does not tell us why θ should not

depend on g , and, strictly speaking, does not even exclude the possibility of a formula like

tanθ = h
s +

g h
v2

The time t = time taken by ball at horizontal speed v cosθ to travel distance s, so, given v,h, s,

does not depend on g . So it is the same as it would be if g were negligible: t =
p

h2+s2

v

Alternatively: t = s
v cos(arctan h

s )
=

p
h2+s2

v

For the ball to hit the bucket before the ground, 1
2 g t 2 ≤ h, so: g (h2+s2)

2v2 ≤ h and v ≥
√

g (h2+s2)
2h

For a much less neat way of doing this, see:

http://web.mit.edu/8.01t/www/materials/modules/chapter05.pdf

20 The extended goat-and-barn problem

To simplify working, make length of the side of

the square = 2. (The STEP question gives us side =

2a. Dimensional analysis tells us A =C ·a2 for

some C . So we just multiply our final answer by

a2 to get what the STEP examiner wants). Take a

simple special case. If the tether length t = 1 or

less, then tether at the corner gives more area.
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Consider another simple special case. Calculate the grazing area for t=4 and (1) tether at corner (2)

tether at midpoint

We could calculate the grazing area for the third

option show in the diagrams above, tether distant

x from midpoint. But we want the maximum

area. To know where a function has a maximum,

you don’t always have to calculate every value of

the function. Without calculating in detail, can

you see what sort of function of x the area is? And

would your answer about the sort of function be

valid not just for t = 4 but for any t ≤ 4?

That the area function is quadratic (at

least: piecewise quadratic) tells us that

it has only one maximum or minimum,

so it can’t look like this. Symmetry

means maximum area must be either at

corner or at midpoint.

If t > 4 then we have two problems. The area function is not piecewise quadratic. And it is harder to

calculate to show that the area with the tether fixed at a corner greater than area with it fixed at a

midpoint.

It might be worth trying an induction-type argument? If C (t ), M(t ) = area with tether of length t

fixed at corner, middle, find equations connecting C (t ) with C (t −2) and M(t ) with C (t −1)
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The induction-type argument is useful for finding C(4) and M(4). Try it! But it breaks down if t > 4.

So think again. Try drawing a careful diagram with t > 4.

If you draw a single square, and the

grazing areas available from corner and

from midpoint, then with a tether ≥ 4 it

is not at all obvious the area from the

corner is bigger than the area from the

midpoint. But if you superimpose two

squares as shown, then it does seem

obvious. Which doesn’t quite prove it.
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Use diagrams to prove C XC > M XM . But even then... we

don’t know how many turning points the area function has.

So what next?

Maxima and minima are about whether

small changes in x increase or decrease

the area. From this diagram, if you

increase distance x from the corner by

a small amount δx, is the change in the

area positive or negative?

Ideas used

1. Simple special cases

2. Calculations with sectors of circles

3. Symmetry
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4. Working from "sorts of" functions rather than full-on calculations

5. Induction-type (recursive) arguments

6. Drawing diagrams, and redrawing them to show things in a different light or in simplified form

7. Using the general pattern of d A
d x instead of calculations of A to find where A has its maximum

21 Tree and expected values for the six-chairs problem, I/2008/13

The numbers in I/2008/13 are small enough that we can get the answer just by writing out the 120

possible arrangements in a tree.

Start at any point round the table. Label the first person A1. The next person is either their spouse

A2, or a choice of 4 other people, so we have 4 possibilities which can be labelled B1, and so on.

A1

A2

B1(4)

B2

C1(2)

C2

3c

8

C1(2)

B2

C2

1c

8

C2

B2

2c

8

B1(4)

A2

B2

C1(2)

C2

1c

8

C1(2)

B2

C2

0c

8

C2

B2

1c

8

B2

A2

C1(2)

C2

2c

8

C1(2)

A2

C2

2c

8

C1(2)

A2

C2

1c

8

C2

A2

3c

8

C1(2)

A2

B2

C2

0c

8

C2

B2

0c

8

B2

A2

C2

0c

8

C2

A2

1c

8

C2

A2

B2

1c

8

B2

A2

2c

8

At the end of each branch of the tree, I’ve written the number of adjacent couples (0c, 1c, 2c, 3c) and

the number of possible ways to getting to that end-of-branch. So in total 4×8 possibilities of zero

adjacent couples, 6×8 possibilities of one, 3×8 possibilities of two, 2×8 possibilities of three.

0 1 2 3

Q 4
15

6
15

3
15

2
15
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A useful tool with problems like this is the fact that the expected value of a sum of random variables

is the sum of the expected values:

E(X +Y +Z + . . .) = E(X )+E(Y )+E(Z )+ . . .

even if X ,Y , Z . . . are correlated with each other.

Number the seats round the table 1 to 6.

P(an adjacent pair of seats, 1,2 or 2,3 or 3,4 or 4,5 or 5,6 or 6,1 has a couple) = 1
5 for each pair

E(number of adjacent couples in each of the six pairs of adjacent seats) = 1
5

E(total adjacent couples) = E(couples in 1,2) + E(couples in 2,3) + E(couples in 3,4) + E(couples in 4,5)

+ E(couples in 5,6) + E(couples in 6,1) = 6 × E(couples in 1,2)

So E(total adjacent couples) = 6
5

If Q(n) = probability of n adjacent couples, then the equation E(total number of adjacent couples) =
6
5 can be written as:

3Q(3)+2Q(2)+Q(1) = 6

5
(1)

And the probabilities must add up to 1.

Q(3)+Q(2)+Q(1)+Q(0) = 1 (2)

More at bit.ly/1-2008-13

A tool useful in mechanics but not taught at A level is dimensional analysis.

Dimensional analysis is a way to find what general shape a formula must be, or to check whether an

answer in mechanics is "sensible", without finding the exact coefficients.

Some mechanics (and other) problems can be solved or large-part-solved by dimensional analysis

alone. In STEP questions, you can very often at least use dimensional analysis as a running check

on your working, or even set lengths, masses, and such in the problem equal to 1, thus simplifying

working, and then reintroduce them as variables in your answer just by checking dimensions.

The dimensionality of a quantity X is denoted by [X ] and in STEP mechanics the dimensions will be

some multiple of mass M, length L, and time T. For example, if a is acceleration:

[a] = LT−2

Thus, the volume of a sphere has dimension L3, so must be (some constant) ×r 3. So ifα = the volume

of a sphere of radius 1, then the formula is α · r 3.

The centripetal acceleration of a particle in circular motion with radius r and angular velocity ω has

dimension LT−2, so must be (some constant) ω2r .

Practice questions which can be done by dimensional analysis alone, or almost alone

82



21.1 Escape velocity

Oxford Uni interview question: Escape velocity from Earth is about 11,000 metres per second, and

the radius of the Earth is about 6,000,000 metres. A good high jump is about 2 metres. How small

would an asteroid (of similar density to Earth) have to be that you could reach escape velocity from

it just by jumping?

21.2 Period of pendulum

Find out as much as you can about the formula for the period of a pendulum of small amplitude θ,

bob mass m and length l , when the gravitational acceleration is g . Does the period depend on m?

Some STEP and STEP-like problems

21.3 I/2011/10

(Dimensional analysis tells you in advance that u and g must appear in the answer as a u2

g term).

I/2011/10 - A particle, A, is dropped from a point P which is at a height h above a horizontal plane. A

second particle, B, is dropped from P and first collides with A after A has bounced on the plane and

before A reaches P again. The bounce and the collision are both perfectly elastic. Explain why the

speeds of A and B immediately before the first collision are the same.

The masses of A and B are M and m, respectively, where M > 3m, and the speed of the particles

immediately before the first collision is u. Show that both particles move upwards after their first

collision and that the maximum height of B above the plane after the first collision and before the

second collision is

h + 4M(M −m)u2

(M +m)2g

bit.ly/2011step or bit.ly/step-1stspiral

21.4 Ball and bucket

(Based on an MIT course problem. Dimensional analysis helps you to get the shape of the formula

for θ. Or you can approach it via simple special cases: consider the problem for g = 0, and then

consider how things change if g > 0.)

Ashley drops a bucket from a height h above the ground. At the same moment Brenda, at ground

level and at a horizontal distance s from the falling bucket, throws a ball with speed v at exactly the

right angle θ to hit the bucket as it falls. Brenda’s height is negligible compared to h. Find θ, the time
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T at which the ball hits the bucket, and the minimum v to be able to hit the bucket before it reaches

the ground.

21.5 III/2007/10

(Dimensional analysis tells you that in advance that V and g must appear in the answer as a V 2

g term).
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