
Question 24

A particle of mass m is attached to a light circular rigid hoop of radius a which is free to roll in a
vertical plane on a rough horizontal table. Initially the hoop stands with the particle at the highest
point. It is then displaced slightly. Show that while the hoop is rolling on the table, the speed v of
the particle when the radius to the particle makes an angle θ with the upward vertical is given by

v = 2 (ag)
1
2 sin 1

2θ.

Write down expressions in terms of the variable θ for the horizontal displacement, x, of the particle
from its initial position, and its height, y, above the table. Hence, or otherwise, show that

θ̇ = (g/a)
1
2 tan 1

2θ

and
ÿ = −2g sin2 1

2θ.

By considering the reaction of the table on the hoop, or otherwise, describe what happens to prevent
the hoop rolling beyond the position for which θ = π/2.

Discussion

This gem is given in Littlewood’s brilliant book, A Mathematician’s Miscellany (Cambridge Uni-
versity Press). Apparently one of his colleagues set it annually to engineering students.

At first sight, it all seems fairly straightforward (though perhaps not simple): conservation of energy
will give the speed of the particle at any height. You then need a bit of geometry to express x and
y in terms of a and θ. The ‘hence’ before the second displayed formula means by differentiating;
however, if you realise that the motion of the particle is an instantaneous rotation about the point of
contact of the hoop and the plane, with angular velocity θ̇, you can instead use the standard formula
v = rω to find θ. The reaction follows from use of Newton’s law (force=mass × acceleration).

Nothing remarkable about this, I hear you say. BUT: suppose the particle reaches the bottom of
the hoop (θ = π). Then it has no potential energy; and it has no kinetic energy because it is
instantaneously in contact with the table. What has happened to its energy?

The answer is that the motion cannot continue this far. In the ideal world of this problem, the
hoop must ‘levitate’: it must break contact with the table and rise above it. In the real world, the
mass of the hoop enters into the problem; furthermore, if the plane is not perfectly rough, slipping
will reduce or destroy the effect. However, the effect will persist if the hoop has a small mass and
high coefficient of friction with the table. I tried it with a coin taped to a sausage-shaped balloon,
which is not exactly ideal, but it seemed to work.

The curve traced out by a point on the circumference of the hoop, given by x = a(1 + sin θ),
y = a cos θ, is called a cycloid. The motion described in the problem is equivalent to releasing a
particle from the top of a smooth cycloid. A similar calculation shows that the particle will take
off before reaching the lowest point, which corresponds to the hoop leaving the table.
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Solution to Question 24

aθ

a
a

θ

aθ

By conservation of energy (KE+PE), we have

0 +mg(2a) = 1
2mv

2 +mg(a+ a cos θ), i.e. v2 = 2ag(1 − cos θ) = 4ag sin2 1
2θ,

using the standard double-angle formula, as required.

The motion of the particle in Cartesian coordinates is given by

x = aθ + a sin θ, y = a+ a cos θ

so
ẋ = a(1 + cos θ)θ̇ ẏ = −a sin θ θ̇. (∗)

Thus

v2 = ẋ2 + ẏ2 = a2θ̇2(1 + cos θ)2 + a2θ̇2 sin2 θ = a2θ̇2(2 + 2 cos θ) = 4a2θ̇2 cos2 1
2θ.

We have used cos2 θ+sin2 θ = 1 in the third equality and the standard double-angle formula in the
fourth. Comparing this with the previous formula for v gives the required formula for θ̇. Note that
since the particle is instantaneously rotating about the bottom of the hoop, a distance 2a cos(1

2θ)

away, with angular velocity θ̇, the formula for the speed of a rotating point, v = radius × angular
velocity, gives the above formula for θ̇ immediately.

To find ÿ, we substitute the new expression for θ̇ into (∗) and differentiate, substituting for θ̇ yet
again:

ẏ = −a sin θ (g/a)
1
2 tan 1

2θ = −2(ga)
1
2 sin2 1

2θ

=⇒ ÿ = −2(ga)
1
2 sin 1

2θ cos 1
2θ θ̇ = −2(ga)

1
2 sin 1

2θ cos 1
2θ × (g/a)

1
2 tan 1

2θ,

which simplifies to the given answer.

To find the reaction, note that the vertical reactionR of the table on the hoop must equal the vertical
reaction of the particle on the hoop, since there are no other vertical forces on the hoop, and this
is equal to the vertical reaction of the hoop on the particle. Equating mass times acceleration to
vertical forces (upwards) on the particle therefore gives

m(−2g sin2 1
2θ) = −mg +R

so
R = mg(1 − 2 sin2 1

2θ) = mg cos θ.

This vanishes when when θ = π/2, at which time the hoop loses contact with the table.
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