
STEP course booklet 2019-20

Yuliia Tereshchuk, Martin Thomas

"Face problems with a minimum of blind calculation, a maximum of seeing thought" – Hermann

Minkowski

"The most noticeable deficiency, however, was in the widespread inability to construct an argument" -

STEP examiners’ report

"By trying things out systematically" - Carl Friedrich Gauss, when asked how he got his results

"A picture is worth a thousand equations" - Terry Tao

"I never thought he had enough imagination to be a mathematician" - David Hilbert, told one of his

students had quit maths to become a poet

"The main error to be avoided is trying to attack the problem head-on" – Alain Connes

Homework: You are asked to submit some homework: fully-worked-out, carefully-written-out STEP

problems. Please drop your homework into a Google Drive folder.

Resources: STEP support program: https://maths.org/step/

Solutions for the "starter questions" are at the end of the booklet. Some solutions to STEP questions

since 2004 can be found at the STEP website:

https://www.admissionstesting.org/for-test-takers/step/preparing-for-step/

Peter Mitchell’s solutions: https://mei.org.uk/step-aea-solutions

STEP question database: https://stepdatabase.maths.org/database/index.html

Most questions in this booklet are also tagged with a web address offering a solution.
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Solutions for session starter questions

At the end of the course we will work on full STEP past papers, to get skills and practice on how to

select questions and how to pace yourself.
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What is STEP? How was this course constructed?

• Done at the same time as A-level, in June. Requires no more knowledge of formulas than A-

level maths and further maths, but does require more imagination, versatility, and persistence

• STEP 2 and 3 papers are 12 questions - 8 pure, 2 mechanics, and 2 probability or statistics.

STEP 1 is 11 questions, 8 pure, 3 mechanics, probability, or statistics. You do a maximum of six

questions in three hours, and you can get a reasonable grade by getting four whole questions

more-or-less right.

• Usually Q.1 and Q.2 of pure are more accessible. (We used to say they were easier, but the

STEP people advise us that they reckon only to make them more "accessible" in the sense that

it should be slightly more obvious what you have to do – but, for example, the algebraic working

might be more involved. In any case, it’s usually worth trying Q.1 and Q.2, but move on quickly

from them - and don’t despair - if you get into difficulties, or if they baffle you). Lots of students

attempt no mechanics question, but usually at least one of the mechanics questions is easy if

you’ve done even a bit of A level mechanics. Then you may need to find only one or two others

you can do completely, and maybe one or two part-questions to top up. The official statement

is: "In many years, four questions well answered have been sufficient to secure a grade 1 in

STEP. However, this is not always the case and should not be taken as a definitive statement

of what is required to secure a grade 1". Only a minority attempt any of the probability and

statistics questions, but it’s worth putting yourself in that minority. The probability questions

are very different from A level, but often quite simple (and requiring almost no prior knowledge

of formulas or such) if you’ve given yourself some practice in systematically tabulating and

counting possibilities. The statistics questions are relatively similar to A level, and thus usually

not hard if you know a bit of A level statistics.

• Three papers. Many students take only STEP 1. STEP 1 assumes A-level maths knowledge,

STEP 2, AS Further Maths knowledge, and 3, A level Further Maths knowledge.

• Only one university absolutely requires students to do STEP: Cambridge, usually asking for

grade 1 in both STEP 2 and 3. Warwick, UCL, Bristol, Bath give easier A level offers with grade
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1 in any STEP paper. Imperial requires STEP if you missed the MAT deadline, or if you had a

borderline MAT result. Many students do STEP not to improve their university entrance score

but just to gain greater mathematical imagination and versatility and to start getting into the

sort of maths they will do at uni (very different from school).

• As from 2019, you no longer get a formula booklet in STEP exams. However, if a question re-

quires knowledge of a formula beyond what you will have learned for A level, then the formula

will be given in the question. Go to bit.ly/step-ff to see what knowledge of formulas and such

is assumed in STEP. Don’t panic: if you’re attempting this STEP course, then you’re doing well

with A level in Further Maths, and you’ll pick up knowledge of those formulas that way.

• Go to bit.ly/step-sp for the full new STEP specification. Really, you need only look at the bits of

the spec printed in bold. The rest you can be sure of learning for A level. (And quite a lot of the

bold bits you may have covered in Further Maths modules, too).
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How students do with STEP:

Comments from examiners’ reports in 2019:

"The paper is constructed so that question 1 is very approachable indeed, the intention being to get

everyone started".

"In general it was found that explanations were poorly supplied" (emphasis added). "Equations

which just appear and lead to the correct answer are not sufficient". "The flow of logic is a fundamen-

tal idea in mathematics, but it was clear... that it was not familiar to the vast majority of students".

"Many candidates did not appreciate the importance of the phrase if and only if ".

"As with so many questions, the big stumbling block for students was drawing a good diagram"

"The real obstacle lay in the widespread reluctance among candidates to draw a good diagram, of a

suitable size..."

These are the results reported from STEP 1 in 2016.
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The STEP grade boundaries have drifted upwards over the years.
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We started with some STEP examples from Michael Gibson’s STEP course, available on the Integral

Maths website.

Rather than ordering the examples by the formal bits of A level maths knowledge which they use,

we’ve mostly ordered them by the methods or skills which help with those examples and are rarely,

or not at all, used in A level maths.

Of course everybody on the STEP course will sometimes get into trouble because they are not yet

confident and fluent with some bit of A level content. But you will be working at that A level content

anyway, in your regular classes. This course is designed not to fill gaps in A level knowledge, but to

help you learn the methods and approaches found in STEP (and university maths) but not in A level.

We’ve added some extra STEP questions, some examples from Stephen Siklos’s booklets Advanced

Problems in Mathematics (APM) and Advanced Problems in Core Mathematics, and some discussed

by Luciano Rila in his courses for teachers on STEP, and some from other sources.

We owe thanks to all those from whom we’ve learned and borrowed ideas; to Luciano; to students

on the 2016-7, 2017-8, and 2018-9 Greenwich STEP courses; to tutors on those courses, especially

to Zhaoqi Chen and also to Marcel Armour, Zack Bassman, Leigh Baxandall, and Jo Munday; and to

Claire Metcalfe at the STEP Support Programme in Cambridge.
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Imagination and versatility

STEP questions is are longer than A level questions. You must be prepared to spend five minutes,

maybe 10 minutes, wondering about how even to start on the question, and maybe 15 minutes

(though many questions are quicker than that) on dogged, detailed working.

With A level questions, you can always see what method you should use: the only question is, can

you deploy it confidently, accurately, and fast? Many STEP questions are more like real-life problems.

They don’t come with a flag telling you what method to use. You’re lost. Learning how to do STEP

means learning a repertoire - looking for angles on problems, or reconfiguring them, or breaking

them down into smaller steps, so you can make progress when you start out lost or when the "obvi-

ous" method is laborious or ineffective. It also means learning how to explain to the reader how you

found your way - explaining your reasoning, not just writing out the algebraic manipulations.

Learning how to do STEP also means learning how to "swim underwater" in maths for longer, that

is, to follow through chains of reasoning in algebra when each individual step is familiar enough but

the whole chain is long and complicated and unfamiliar.
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"PRE-STEP" COURSE

We will offer some "pre-STEP" sessions. You can do the STEP course without doing those "pre-STEP"

sessions. They may help you prepare for Cambridge interviews. All the problems discussed are based

on problems reported as being asked in interviews. They are similar to (bits of) STEP problems; but

also different. You won’t be asked to write out full reasoning. Such problems are put to you in the

interviews to gauge how good you are at working out ways to start on problems, rather than how

good you are at completing the working and writing it out clearly.

Session 1

1. What are the square roots of i ?

2. Prove n3 −n is divisible by 6 for all n

3. Sketch the graph of y = ln x
x

Session 2

1. Into a maximum of how many regions do n non-parallel lines divide a plane?

2. What is the length of the shortest route for an ant from a vertex of a cube to the opposite vertex?

3. Ashley throws a ball aiming directly at Brenda, who is perched in a tree. At exactly the same time,

Brenda falls from the tree. Can she catch the ball?

Session 3

1. Prove that if c2 = a2 +b2 and a,b,c are all whole numbers, then a and b cannot both be odd.

2. Differentiate y = xx

3. Sketch the graph of y = xx .

Some solutions at bit.ly/pre-step
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Some sample STEP problems

Here are some sample STEP problems or part-problems to explore before starting the STEP course.

They can be stated very simply, and in many cases can be solved quite simply too, but involve more

imagination and round-a-corner thinking than A-level problems. If you can make good progress

with some of them, and want to learn more about this sort of mathematical thinking, then you’re a

good candidate for the STEP course.

1. How many integers greater than or equal to zero and less than a million are not divisible by 2 or 5?

What is the average value of these integers? (I/1999/1 second part)

2. The Fibonacci numbers F(n) are defined by the conditions F(0) = 0, F(1) = 1 and F(n+1) = F(n) +

F(n−1) for all n ≥ 1. Compute F (n+1)F (n−1)−(F (n))2 for a few values of n; guess a general formula

and prove it. (II/1996/3 first part, abridged)

3. A small goat is tethered by a rope to a point at ground level on a side of a square barn which stands

in a large horizontal field of grass. The sides of the barn are of length 2a and the rope is of length

4a. Let A be the area of the grass that the goat can graze. Prove that A ≤ 14πa2 and determine the

minimum value of A. (I/2006/2)

4. The points A, B, and C lie on the sides of a square of side 1 cm and no two points lie on the same

side. Show that the length of at least one side of the triangle ABC must be less than or equal to
p

6−p2

cm. (I/2001/1)

5. Bar magnets are placed randomly end-to-end in a straight line. If adjacent magnets have ends of

opposite polarities facing each other, they join together to form a single unit. If they have ends of

the same polarity facing each other, they stand apart. Find the expected number of separate units in

terms of the total number N of magnets. (I/1999/13, first part)

6. A regular octahedron is a polyhedron with eight faces each of which is an equilateral triangle.

Show that the angle between any two faces of a regular octahedron is arccos
(−1

3

)
. (I/2007/5, first

part)
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Follow-up

1. How many integers greater than or equal to zero and less than 4179 are not divisible by 3 or 7?

What is the average value of these integers? (I/1999/1 second part)

2. By induction on k, or otherwise, show that F (n +k) = F (k)F (n +1)+F (k −1)F (n) for all positive

integers n and k [if F(.) are the Fibonacci numbers] (II/1996/3, second part)

3. In the bar-magnets problem above, find the variance of the number of separate units in terms of

the total number N of magnets. (I/1999/13, second part)

4. Find the ratio of the volume of a regular octahedron to the volume of a cube whose vertices are the

centres of the faces of the octahedron. (I/2007/5, second part)

5. I choose at random an integer in the range 10000 to 99999, all choices being equally likely. Given

that my choice does not contain the digits 0, 6, 7, 8 or 9, show that the expected number of different

digits in my choice is 3.3616. (I/2012/13)

6. A thin non-uniform bar AB of length 7d has centre of mass at a point G, where AG = 3d. A light

inextensible string has one end attached to A and the other end attached to B. The string is hung over

a smooth peg P and the bar hangs freely in equilibrium with B lower than A. Show that 3sin 6 PAB =
4sin 6 PB A. Given that cos 6 PB A = 4

5 and that 6 PB A is acute, find in terms of d the length of the

string and show that the angle of inclination of the bar to the horizontal is arctan 1
7 (I/2011/11)
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1 Proof

Starters

• Prove that every perfect cube number is a multiple of 9, or is 1 more than a multiple of 9, or is

1 less than a multiple of 9.

• Prove that there is no smallest positive number.

• Which of these are true?

x2 = 4 =⇒ x = 2 x2 = 4 ⇐= x = 2 x2 = 0 ⇐⇒ x = 0 x2 = 4 ⇐⇒ x = 2

• Prove that a triangle has two equal sides if and only if it has two equal angles.

• 43 < 34. Prove that 10099 < 99100. Is (n +1)n < nn+1 for all positive whole numbers n?

Learning objectives

• To understand and use the structure of mathematical proof, i.e. proceeding by one logical step

after another from given assumptions to a conclusion

• To train ourselves in how to write maths

– writing in sentences (the "verb" may be = or < or something like that)

– using words where suitable, because what we’re trying to do is convince beyond doubt

– one line after another

– each line following logically from the previous one

– with space between lines to give you room to make corrections if you need to

– as concisely as we can (showing all your working is not good in STEP, because it leads to

long, sprawling working which is harder to follow and see mistakes in)

– defining your terms and being careful not to use the same letter (x or whatever) to repre-

sent two different things
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– making clear the difference between z and 2, between M and m, between V and v, etc.

Use crosses on z and serifs on capital M and V.

.

If you still have difficulties, use different letters for your variables than in the question.

For example, if you have trouble seeing the difference between your u and your v, then

use w for what the question calls v (and tell the reader you’re doing that).

• To use different methods of proof, including:

– proof by deduction ("ordinary" proof)

– proof by exhaustion (breaking the problem down into a series of cases, and proving the

claim holds in every case)

– proof by induction

– proof by contradiction (by showing that to deny the claim leads to a contradiction)

– disproof by counter-example

– "proof without words"

• To know what "necessary and sufficient", "if and only if", and =⇒ , ⇐⇒ , ⇐= mean.

• To be able to use the term "without loss of generality".

A ⇐⇒ B means - A is true if and only if B is true, as in "x is an even prime number ⇐⇒ x = 2". "A

is a necessary and sufficient condition for B" is another way of saying it: being 2 is a necessary and

sufficient condition for being an even prime number.

A =⇒ B means - if A is true then B is true, as in "x = 2 =⇒ x is a prime number".

A ⇐= B means - if B is true then A is true, as in "x is a prime number ⇐= x = 3".

It’s useful also to learn the symbol , which is short for "QED", or just "we’re finished".

The term "without loss of generality" can best be explained by an example.

Suppose we want to prove that if three objects are each either red or blue, then there must be at least

two objects of the same colour.

Then we can assume without loss of generality that the first object is red. If either of the other two

objects is red, we have two-the-same. If not, then the other two objects must both be blue and we

13



have two-the-same again.

This is valid because the problem is symmetrical. An exactly similar argument would serve if we

assumed that the first object was blue. Apparently narrowing down the problem by assuming the

first object was red made it easier to deal with. But it wasn’t really narrowing it down. We were still

proving the general result.

In STEP crossed-out work is never marked. If you think you’ve gone wrong in some working, then

always it’s better to go back through it line-by-line, find your error, and then repair from that point

onwards, than to cross it all out and start again. In STEP, even if you’re fairly sure that the working

is completely on the wrong lines, it’s best not to cross it out until you have replaced it with better

working. You might get one or two marks for the faulty working if not crossed out, or it might turn

out that your working is ok after all.

Introduction

See "beamer" at bit.ly/step-proof

Practice

1. I/2014/1 - All numbers referred to in this question are non-negative integers.

• Express each of the numbers 3, 5, 8, 12 and 16 as the difference of two non-zero squares.

• Prove that any odd number can be written as the difference of two squares.

• Prove that all numbers of the form 4k, where k is a non-negative integer, can be written

as the difference of two squares.

• Prove that no number of the form 4k+2, where k is a non-negative integer, can be written

as the difference of two squares.

• Prove that any number of the form pq , where p and q are prime numbers greater than

2, can be written as the difference of two squares in exactly two distinct ways. Does this

result hold if p is a prime greater than 2 and q = 2?

• Determine the number of distinct ways in which 675 can be written as the difference of

two squares.

bit.ly/1-2014-1
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2. I/2019/7

Consider the following steps in a proof that
p

2+p
3 is irrational

1. If an integer a is not divisible by 3, then a = 3k ±1, for some integer k. In both cases, a2 is

one more than a multiple of 3.

2. Suppose that
p

2+p
3 is rational, and equal to a

b , where a and b are positive integers with no

common factor greater than one.

3. Then a4 +b4 = 10a2b2

4. So if a is divisible by 3, then b is divisible by 3

5. Hence
p

2+p
3 is irrational.

(i) Show clearly that steps 1, 3, and 4 are all valid, and that the conclusion 5 follows from the

previous steps in the argument.

(ii) Prove by means of a similar method but using divisibility by 5 instead of 3 that
p

6+p
7 is

not rational. Why can divisibility by 3 not be used in this case?

bit.ly/1-2019-7

Make sure you signal in your working where you have used conditions, such as "a and b are

either both positive or both negative" in the question below. List the conditions in a "conditions

box", and cross each one off when you have signalled in your working that you’ve used it.

3. I/2005/3 - In this question a and b are distinct, non-zero real numbers, and c is a real number.

Show that, if a and b are either both positive or both negative, then the equation

x

x −a
+ x

x −b
= 1

has two distinct real solutions.

Show that, if c 6= 1, the equation
x

x −a
+ x

x −b
= 1+ c

has exactly one real solution if

c2 =− 4ab

(a −b)2

Show that this condition can be written c2 = 1−
(

a+b
a−b

)2
, and deduce that it can only hold if

0 < c2 ≤ 1.

bit.ly/1-2005-3. Also: https://undergroundmathematics.org/quadratics/r8407/solution
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4. Siklos APCM Q.29 p.74

Solution: bit.ly/siklos-29

5. III/15/5

In the following argument to show that
p

2 is irrational, give proofs appropriate for steps 3, 5

and 6.

1. Assume that
p

2 is rational.

2. Define the set S to be the set of positive integers with the following property:

n is in S if and only if n
p

2 is an integer.

3. Show that the set S contains at least one positive integer.

4. Define the integer k to be the smallest positive integer in S.

5. Show that (
p

2−1)k is in S.

6. Show that steps 4 and 5 are contradictory and hence that
p

2 is irrational.

Prove that 2
1
3 is rational if and only if 2

2
3 is rational.

Use an argument similar to that of part (i) to prove that 2
1
3 and 2

2
3 are irrational.

Solution: bit.ly/3-2015-5
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6. III/2015/2

If s1, s2, s3, . . . and t1, t2, t3, . . . are sequences of positive numbers, we write

(sn) ≤ (tn)

to mean

"there exists a positive integer m such that sn ≤ tn whenever n ≥ m".

Determine whether each of the following statements is true or false. In the case of a true state-

ment, you should give a proof which includes an explicit determination of an appropriate m;

in the case of a false statement, you should give a counterexample.

• (1000n) ≤ (n2) .

• If it is not the case that (sn) ≤ (tn), then it is the case that (tn) ≤ (sn) .

• If (sn) ≤ (tn) and (tn) ≤ (un), then (sn) ≤ (un) .

• (n2) ≤ (2n) .

bit.ly/3-2015-2

7. II/2015/1

By use of calculus, show that x − ln(1+ x) is positive for all positive x. Use this result to show

that

n∑
k=1

1

k
> ln(n +1) .

By considering x + ln(1−x), show that

∞∑
k=1

1

k2
< 1+ ln2.

Solution: bit.ly/2-2015-1
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8. II/2005/2

For any positive integer N , the function f (N ) is defined by

f (N ) = N
(
1− 1

p1

)(
1− 1

p2

)
· · ·

(
1− 1

pk

)
where p1, p2, . . . , pk are the only prime numbers that are factors of N .

Thus f (80) = 80(1− 1
2 )(1− 1

5 ) .

(a) Evaluate f (12) and f (180).

(b) Show that f (N ) is an integer for all N .

Prove, or disprove by means of a counterexample, each of the following:

(a) f (m) f (n) = f (mn) ;

(b) f (p) f (q) = f (pq) if p and q are distinct prime numbers;

(c) f (p) f (q) = f (pq) only if p and q are distinct prime numbers.

Find a positive integer m and a prime number p such that f (pm) = 146410.

Solution: bit.ly/2-2005-2

9. III/2011/7

Let

Tn =
(p

a +1+p
a
)n

,

where n is a positive integer and a is any given positive integer.

• In the case when n is even, show by induction that Tn can be written in the form

An +Bn

√
a(a +1) ,

where An and Bn are integers (depending on a and n) and A2
n = a(a +1)B 2

n +1.

• In the case when n is odd, show by considering (
p

a +1+p
a)Tm where m is even, or

otherwise, that Tn can be written in the form

Cn
p

a +1+Dn
p

a ,

where Cn and Dn are integers (depending on a and n) and (a +1)C 2
n = aD2

n +1.

• Deduce that, for each n, Tn can be written as the sum of the square roots of two consec-

utive integers.

Solution: bit.ly/3-2011-7
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10. II/2018/6

Find all pairs of positive integers (n, p), where p is a prime number, that satisfy

n!+5 = p .

In this part of the question you may use the following two theorems:

• For n ≥ 7, 1!×3!×·· ·× (2n −1)! > (4n)! .

• For every positive integer n, there is a prime number between 2n and 4n.

Find all pairs of positive integers (n,m) that satisfy

1!×3!×·· ·× (2n −1)! = m! .

Solution: bit.ly/2-2018-6

Homework

Do at least one of the questions from this section. Aim to write out a completely reasoned-through

solution. If you find you can do only part of a question, then write out that part and submit it.
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2 Diagrams, special cases, and systematically considering cases

Starters

• Prove that the angle subtended by an arc at the centre of a circle is twice the angle subtended

at the circumference.

• Find all sets of positive integers a, b that satisfy the equation

1

a
+ 1

b
= 1

• Siklos APM 2008 edition p.1 Q.1 - (i) Find all sets of positive integers a,b,c that satisfy the equa-

tion
1

a
+ 1

b
+ 1

c
= 1

Learning objectives

• Developing a habit of doing big, clear diagrams. (Sometimes we draw small, obscure diagrams

with the semi-conscious motive that if the diagram is small and obscure, then our mistakes

will be invisible. But that’s exactly why we should do big, clear diagrams: to be able to see our

own mistakes and correct them).

• Thinking of different diagrams for the same problem, so we can find the diagram that shows

the solution or makes it easiest.

• Getting a start on problems, or checking your work, by considering simple special cases.

• Dealing with problems by breaking them down systematically into different cases (as in proof

by exhaustion)

Introduction

PowerPoint at bit.ly/diag-ppt

Practice

1. I/2001/1 The points A, B, and C lie on the sides of a square of side 1 cm and no two points lie

on the same side. Show that the length of at least one side of the triangle ABC must be less than

or equal to
p

6−p
2 cm.

bit.ly/1-2001-1
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2. Assignment 21 from the online STEP preparation course

(i) Find the area of this triangle in terms of x and y

(ii) Prove EC is half the length of the diagonal of the square

bit.ly/assig21

3. I/2006/2 A small goat is tethered by a rope to a point at ground level on a side of a square barn

which stands in a large horizontal field of grass. The sides of the barn are of length 2a and the

rope is of length 4a. Let A be the area of the grass that the goat can graze. Prove that A ≤ 14πa2

and determine the minimum value of A.
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4.

I/2016/5.

bit.ly/

1-2016-5

5. I/2015/3 A prison consists of a square courtyard of side b bounded by a perimeter wall and a

square building of side a placed centrally within the courtyard. The sides of the building are

parallel to the perimeter walls. Guards can stand either at the middle of a perimeter wall or in

a corner of the courtyard. If the guards wish to see as great a length of the perimeter wall as

possible, determine which of these positions is preferable. You should consider separately the

cases b < 3a and b > 3a

bit.ly/step-1stspiral.

6. I/1999/13

Bar magnets are placed randomly end-to-end in a straight line. If adjacent magnets have ends

of opposite polarities facing each other, they join together to form a single unit. If they have

ends of the same polarity facing each other, they stand apart. Find the expectation and vari-

ance of the number of separate units in terms of the total number N of magnets.

(For this one you need to know a little, but only a little, about the binomial distribution. The

"expectation" or "expected value" is the mean value you would get from a very large number of

experiments. The "variance" is the mean squared deviation from the expected value. ["Stan-

dard deviation" is square root of variance]. bit.ly/prob-mech.
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7. I/2007/5 - Note: a regular octahedron is a polyhedron with eight faces each of which is an equi-

lateral triangle.

(i) Show that the angle between any two faces of a regular octahedron is arccos(−1
3 )

(ii) Find the ratio of the volume of a regular octahedron to the volume of a cube whose vertices

are the centres of the faces of the octahedron.

bit.ly/1-2007-5

8. II/1999/14

You play the following game. You throw a six-sided fair die repeatedly. You may choose to stop

after any throw, except that you must stop if you throw a 1. Your score is the number obtained

on your last throw. Determine the strategy that you should adopt in order to maximize your

expected score, explaining your reasoning carefully. (bit.ly/prob-mech).

9. I/2007/1 - A positive integer with 2n digits (the first of which must not be 0) is called a balanced

number if the sum of the first n digits equals the sum of the last n digits. For example, 1634 is a

4-digit balanced number, but 123401 is not a balanced number.

(i) Show that seventy 4-digit balanced numbers can be made using the digits 0, 1, 2, 3 and 4.

(ii) Show that 1
6 k(k +1)(4k +5) 4-digit balanced numbers can be made using the digits 0 to k.

You may use the identity
∑n

1 r 2 ≡ 1
6 n(n +1)(2n +1)

bit.ly/1-2007-1x

10. I/2009/1 - A proper factor of an integer N is a positive integer, not 1 or N, that divides N. (i)

Show that 32 × 53 has exactly 10 proper factors. Determine how many other integers of the

form 3m × 5n (where m and n are integers) have exactly 10 proper factors. (ii) Let N be the

smallest positive integer that has exactly 426 proper factors. Determine N, giving your answer

in terms of its prime factors.

bit.ly/1-2009-1
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11. I/2002/1

Show that the equation of any circle passing through the points of intersection of the ellipse

(x +2)2 +2y2 = 18

and the ellipse

9(x −1)2 +16y2 = 25

can be written in the form

x2 −2ax + y2 = 5−4a

bit.ly/step-1stspiral. Also at https://undergroundmathematics.org/circles/r8216

Homework

Do at least one of the questions from this section. Aim to write out a completely reasoned-through

solution. If you find you can do only part of a question, then write out that part and submit it.
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3 Curve-sketching

Starter

I/1999/4 - Sketch the following subsets of the x − y plane:

(i) |x|+ |y | ≤ 1

(ii) |x −1|+ |y −1| ≤ 1

(iii) |x −1|− |y +1| ≤ 1

(iv) |x||y −2| ≤ 1

Learning objectives

• In addition to the A-level knowledge below, to learn to use discriminants to find tangents to

curves, or points of touching of two curves

• In addition to the A-level knowledge below, to understand what limx→a f (x) means and what

limx→∞ f (x) means. Find those limits in simple cases.

• Sketch cubics

• Recognise and use rotational symmetry in curve-sketching ( f (x) =− f (−x))

• Know about inflection points which are not stationary points ( f ′′(x) = 0 but f ′(x) 6= 0)

• A-level knowledge you need to be good on:

– Sketch curves defined by simple equations including polynomials, |ax +b|, a
x , a

x2 , x
(x−a)2 .

Know their asymptotes and behaviour as x → ±∞. Interpret the algebraic solution of

equations graphically; use intersection points of graphs to solve equations.

– Understand and use composite functions and inverse functions and their graphs

– From a sketch of f (x), deduce sketches of: a f (x), f (x)+a, f (x +a), f (ax)

– Partial fractions in algebra

Introduction

• Monotonic functions: If f (a) ≥ f (b) whenever a > b over a range of values then the function

is said to be monotonic increasing (over that range). If f (a) ≤ f (b) similarly, then the function

is said to be monotonic decreasing (over that range). A constant function is both monotonic
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increasing and monotonic decreasing! Monotonic strictly increasing means f (a) > f (b) when-

ever a > b, and monotonic strictly decreasing, f (a) < f (b) whenever a > b.

• Stationary points/ maxima/ minima: If the gradient of a curve at a point is zero, then this point

is called a stationary point. This can be a maximum stationary point or a minimum stationary

point (or a point of inflection, as below). These are also called turning points. For a stationary

point f ′(x) = 0

• At a point of inflection which is a stationary point (like x = 0 for f (x) = x3) the gradient is zero;

but the gradient on either side of the point is positive (both sides) or negative (both sides).

f ′′(x) = 0 as well as f ′(x) = 0.

• Concavity vs convexity: second derivative determines concavity. If f ′′(x) > 0 then f is convex

(it curves "backwards" as x increases, like x2 or ex). If f ′′(x) > 0 then f is concave (it curves

"forwards" as x increases, like ln x). Points where the curve flips between concave and convex

are called points of inflection, but may not be turning points.

• Asymptote: is a line such that the distance between the curve and the line approaches zero as

one or both of the x or y coordinates tends to infinity.

• Sketching cubic functions

• Symmetry. A curve has rotational symmetry if f (x) =− f (−x) (an odd function). It has mirror

symmetry if f (x) = f (−x) (an even function).

• Periodic functions (repeat themselves, like sine or cos)

How to sketch a graph

• Investigate how f behaves for large positive or large negative values of x (if its domain extends

that far).

• A function f (x) may not be defined for all x, but only for a domain consisting of an interval (like

the interval between 0 and 1) or a collection of intervals. Mostly in STEP you have functions

defined for all x.

• If the curve is defined only on a collection of intervals, then identify each point b which is an

endpoint of an interval in the collection. Do this regardless of whether the point b belongs

to the domain or not. For example, if the function is defined for all numbers bigger than −8

and less than or equal to 5, i.e. not for −8 itself, then the points of interest are −8 and 5. If

an endpoint number b belongs to then domain, evaluate f at b; otherwise, investigate how f

behaves as x approaches b.

• Find all the points of intersection of the graph of f with the coordinate axes, if you can. (Some-

times, in STEP and in real life, you can’t, and you can still get a good enough rough sketch).
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• Find f ′ and hence the stationary points of f , or at least how many it has. Investigate how the

sign of f ′(x) varies over domain to see where f is increasing or strictly increasing and where f

is decreasing or strictly decreasing.

• Find f ′′(x) if you can and investigate how its sign varies over the domain in order to identify

subsets where f (x) is convex and subsets of A where f (x) is concave. Hence find any points of

inflection.

• Then combine the above findings in order to sketch the graph of f.

Practice

1. I/2007/8 A curve is given by the equation

y = ax3 −6ax2 + (12a +12)x − (8a +16) (?)

where a is a real number. Show that this curve touches the curve with equation

y = x3 (??)

at (2, 8). Determine the coordinates of any other point of intersection of the two curves.

(i) Sketch on the same axes the curves (?) and (??) when a = 2

(ii) Sketch on the same axes the curves (?) and (??) when a = 1

(iii) Sketch on the same axes the curves (?) and (??) when a =−2

bit.ly/rila-l

2. II/2009/1 - Two curves have equations x4 + y4 = u and x y = v , where u and v are positive

constants. State the equations of the lines of symmetry of each curve.

The curves intersect at the distinct points A, B , C and D (taken anticlockwise from A). The

coordinates of A are (α,β), where α> β> 0. Write down, in terms of α and β, the coordinates

of B , C and D .

Show that the quadrilateral ABC D is a rectangle and find its area in terms of u and v only.

Verify that, for the case u = 81 and v = 4, the area is 14.

bit.ly/2-2009-1
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3.
II/2004/3.

bit.ly/rila-l

4.

II/2011/1.

wp.me/

p4OKy0-

1Fv

5.
III/2004/2.

bit.ly/rila-l

6. III/2012/3 - It is given that the two curves

y = 4−x2 and mx = k − y2 ,

where m > 0, touch exactly once. In each of the following four cases, sketch the two curves on

a single diagram, noting the coordinates of any intersections with the axes:

(a) k < 0 (b) 0 < k < 16, k/m < 2 (c) k > 16, k/m > 2 (d) k > 16, k/m < 2

Now set m = 12. Show that the x-coordinate of any point at which the two curves meet satisfies

x4 −8x2 +12x +16−k = 0

Let a be the value of x at the point where the curves touch. Show that a satisfies a3−4a+3 = 0,

and hence find the three possible values of a.

Derive also the equation k =−4a2 +9a +16. Which of the four sketches in part (i) arise?
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bit.ly/3-2012-3

7. III/2015/3 - In this question, r and θ are polar coordinates with r ≥ 0 and −π < θ ≤ π, and a

and b are positive constants.

Let L be a fixed line and let A be a fixed point not lying on L. Then the locus of points that

are a fixed distance (call it d) from L measured along lines through A is called a conchoid of

Nicomedes.

Show that if

|r −a secθ| = b , (∗)

where a > b, then secθ > 0. Show that all points with coordinates satisfying (∗) lie on a certain

conchoid of Nicomedes (you should identify L, d and A). Sketch the locus of these points.

In the case a < b, sketch the curve (including the loop for which secθ < 0) given by

|r −a secθ| = b .

Find the area of the loop in the case a = 1 and b = 2.

[Note:
∫

secθdθ = ln |secθ+ tanθ|+C .]

bit.ly/3-2015-3

29



8. II/2015/4 - The continuous function f is defined by

tan f (x) = x (−∞< x <∞)

and f (0) =π. Sketch the curve y = f (x)

The continuous function g is defined by

tan g (x) = x

1+x2
(−∞< x <∞)

and g (0) =π. Sketch the curves y = x

1+x2
and y = g (x)

The continuous function h is defined by h(0) =π and

tanh(x) = x

1−x2
(x 6= ±1)

(The values of h(x) at x =±1 are such that h(x) is continuous at these points.)

Sketch the curves y = x1−x2 and y = h(x)

bit.ly/2-2015-4

Homework

Do at least one of the questions from this section. Aim to write out a completely reasoned-through

solution. If you find you can do only part of a question, then write out that part and submit it.
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4 Counting, whole-number calculations, probability

Starter

I/2000/1 - To nine decimal places, log10 2 = 0.301029996 and log10 3 = 0.477121255. Calculate log10 5

and log10 6 to three decimal places. By taking logs, or otherwise, show that

5×1047 < 3100 < 6×1047.

Hence write down the first digit of 3100. Find the first digit of each of the following numbers: 21000;

210000; and 2100000.

Learning objectives

Some of this section is about STEP problems which use only counting or calculating with whole

numbers, plus maybe a bit of factorisation. The challenge with those is to stick to those simple

methods, not zoom off into over-complication.

Some of it is about STEP problems which use elementary probability theory. You need a few other

things here. The main thing you may not be familiar with from A-level is permutations and combi-

nations.

So:

• Understand and use mutually exclusive, independent, and complementary events when cal-

culating probabilities. Link to discrete and continuous distributions.

• Understand and use conditional probability, including the use of tree diagrams, Venn dia-

grams, two-way tables. A two-way table is one like this:

• Know, understand and use the formula: P (A∪B) = P (A)+P (B)−P (A∩B)

• Know, understand and use the conditional probability formula for the probability of A, given

B:

P (A|B) = P (A∩B)

P (B)
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• Be able to use nCr (number of choices of r objects from n objects, without regard to the order of

those r objects) and nPr (number of choices r objects from n objects, counted so that different

orderings of those r objects count as different choices)

Introduction

The Inclusion-Exclusion Principle: N objects. Each may

have 0, 1, 2, or 3 of the properties α1,α2,α3. The number

of those objects which has none of those k properties is:

N −N (α1)−N (α2)−N (α3)+N (α2α3)+N (α3α1)+N (α1α2)−
N (α1α2α3)

Example: How many whole numbers between 1 and 6300 are divisible by none of 3, 5, and 7?

The Pigeonhole Principle

If n +1 (or more) objects are put into n boxes, then some box contains at least two objects.

Combinations and permutations

The difference between combinations and permutations is ordering. With permutations we care

about the order of the elements, whereas with combinations we don’t.

For example, say your locker “combo” is 5432. If you enter 4325 into your locker it won’t open because

it is a different ordering (aka permutation).
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The permutations of 2, 3, 4, 5 are: 5432, 5423, 5324, 5342, 5234, 5243, 4532, 4523, 4325, 4352, 4253,

4235, 3542, 3524, 3425, 3452, 3254, 3245, 2543, 2534, 2435, 2453, 2354, 2345

Your locker “combo” is a specific permutation of 2, 3, 4 and 5. If your locker worked truly by combi-

nation, you could enter any of the above permutations and it would open!

Suppose you want to know how many permutations exist of the numbers 2, 3, 4, 5 without listing

them all.

Begin by drawing four lines to mark the spaces where we will write the 4 digits.

The first digit can be any of the 4 numbers, so place a “4” in the first space.

Now there are 3 options left for the second space because you’ve already used one of the numbers in

the first space. Place a “3” in the next space.

For the third position, you have two numbers left.

And there is one number left for the last position, so place a “1” there.

If there are x ways of doing one thing and yways of doing another, then the total number of ways of

doing both things is x · y (the "multiplication principle"). So in this case multiply 4×3×2×1.

In other words, calculate 4!. There are n! permutations of n different objects.

What if I wanted to find the total number of ordered lists of four from the numbers 2, 3, 4, and 5 but

want to include orderings such as 5555 or 2234 where not all of the numbers are used, and some are

used more than once?

Again draw 4 lines to mark the spaces where I’ll put the digits.

In the first position we have 4 number options, so place a “4” in the first blank.

Since we are allowed to reuse numbers, we now have 4 number options available for the second digit,

third digit, and fourth digit as well.

We end up with 44, or 256, lists.

How many different 5-card hands can be made from a standard deck of cards?

The order is irrelevant. We don’t care what order we select the cards. We’ll begin with five lines to

represent the spaces where we will write the five cards.

There are 52 cards available on the first draw, so place “52” in the first space.

The second space, 51. The third, 50 options, and so on.

So we have 52×51×50×49×48 choices if we count different orderings of the five cards as different

choices.
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Or
52!

(52−5)!

But each choice of five cards (disregarding order) has 5! orderings.

The number of choices disregarding order is therefore
52×51×50×49×48

5!
, or

52!

(52−5)!5!

The number of combinations (choices disregarding order) of r objects from n is:

nCr =
(

n

r

)
= n!

(n − r )!r !

The number of permutations (choices counting different orderings as different choices) of r objects

from n is:

nPr = n!

(n − r )!

Practice

1. I/2006/1 - Find the integer, n, that satisfies n2 < 33127 < (n +1)2. Find also a small integer m

such that (n +m)2 −33127 is a perfect square. Hence express 33127 in the form pq, where p

and q are integers greater than 1.

By considering the possible factorisations of 33127, show that there are exactly two values of

m for which (n +m)2 −33127 is a perfect square, and find the other value.

bit.ly/1-2006-1x

2. I/2009/1 - A proper factor of an integer N is a positive integer, not 1 or N, that divides N. (i)

Show that 32 × 53 has exactly 10 proper factors. Determine how many other integers of the

form 3m × 5n (where m and n are integers) have exactly 10 proper factors. (ii) Let N be the

smallest positive integer that has exactly 426 proper factors. Determine N, giving your answer

in terms of its prime factors.

bit.ly/1-2009-1

3. I/2012/13 - I choose at random an integer in the range 10000 to 99999, all choices being equally

likely. Given that my choice does not contain the digits 0, 6, 7, 8 or 9, show that the expected

number of different digits in my choice is 3.3616.

https://mathsmartinthomas.wordpress.com/2018/03/08/1-2012-13/
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4. I/2001/14 - On the basis of an interview, the N candidates for admission to a college are ranked

in order according to their mathematical potential. The candidates are interviewed in random

order (that is, each possible order is equally likely).

Find the probability that the best amongst the first n candidates interviewed is the best overall.

Find the probability that the best amongst the first n candidates interviewed is the best or

second best overall.

Verify your answers for the case N = 4, n = 2 by listing the possibilities.

bit.ly/1-2001-14

5. II/2015/12 - Four players A, B , C and D play a coin-tossing game with a fair coin. Each player

chooses a sequence of heads and tails, as follows:

Player A: HHT; Player B: THH; Player C: TTH; Player D: HTT.

The coin is then tossed until one of these sequences occurs, in which case the corresponding

player is the winner.

Show that, if only A and B play, then A has a probability of 1
4 of winning.

If all four players play together, find the probabilities of each one winning.

Only B and C play. What is the probability of C winning if the first two tosses are TT? Let the

probabilities of C winning if the first two tosses are HT, TH and HH be p, q and r , respectively.

Show that p = 1
2 + 1

2 q . Find the probability that C wins.

bit.ly/2-2015-12
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6. III/2001/13 - In a game for two players, a fair coin is tossed repeatedly. Each player is assigned

a sequence of heads and tails and the player whose sequence appears first wins. Four players,

A, B , C and D take turns to play the game. Each time they play, A is assigned the sequence TTH

(i.e. Tail then Tail then Head), B is assigned THH, C is assigned HHT and D is assigned HTT.

A and B play the game. Let pH H , pHT , pT H , pT T be the probabilities of A winning the game

given that the first two tosses of the coin show HH, HT, TH and TT, respectively.

Explain why pT T = 1, and why pHT = 1
2 pT H + 1

2 pT T

Show that pH H = pHT = 2
3 and that pT H = 1

3 . Deduce that the probability that A wins the game

is 2
3 .

B and C play the game.Find the probability that B wins.

Show that if C plays D , then C is more likely to win than D , but that if D plays A, then D is more

likely to win than A.

bit.ly/prob-mech

7. 1/2011/12 - I am selling raffle tickets for $1 per ticket. In the queue for tickets, there are m

people each with a single $1 coin and n people each with a single $2 coin. Each person in the

queue wants to buy a single raffle ticket and each arrangement of people in the queue is equally

likely to occur. Initially, I have no coins and a large supply of tickets. I stop selling tickets if I

cannot give the required change.

• In the case n = 1 and m ≥ 1, find the probability that I am able to sell one ticket to each

person in the queue.

• By considering the first three people in the queue, show that the probability that I am able

to sell one ticket to each person in the queue in the case n = 2 and m ≥ 2 is
m −1

m +1
.

• Show that the probability that I am able to sell one ticket to each person in the queue in

the case n = 3 and m ≥ 3 is
m −2

m +1
.

bit.ly/2011step

36



8. II/2016/12 - Starting with the result P (A∪B) = P (A)+P (B)−P (A∩B), prove that

P (A∪B ∪C ) = P (A)+P (B)+P (C )−P (A∩B)−P (B ∩C )−P (C ∩ A)+P (A∩B ∩C )

Write down, without proof, the corresponding result for four events A, B , C and D .

A pack of n cards, numbered 1,2. . .n, is shuffled and laid out in a row. The result of the shuffle is

that each card is equally likely to be in any position in the row. Let Ei be the event that the card

bearing the number i is in the i th position in the row. Write down the following probabilities:

• P (Ei ) ;

• P (Ei ∩E j ), where i 6= j ;

• P (Ei ∩E j ∩Ek ), where i 6= j , j 6= k and k 6= i .

Hence show that the probability that at least one card is in the same position as the number it

bears is

1− 1

2!
+ 1

3!
−·· ·+ (−1)n+1 1

n!
.

Find the probability that exactly one card is in the same position as the number it bears.

bit.ly/2-2016-12

9. II/2008/13 - Bag P and bag Q each contain n counters, where n ≥ 2. The counters are identical

in shape and size, but coloured either black or white. First, k counters (0 ≤ k ≤ n) are drawn at

random from bag P and placed in bag Q. Then, k counters are drawn at random from bag Q

and placed in bag P . (i) If initially n −1 counters in bag P are white and one is black, and all

n counters in bag Q are white, find the probability in terms of n and k that the black counter

ends up in bag P . (ii) Find the value or values of k for which this probability is maximised. (iii)

If initially n −1 counters in bag P are white and one is black, and n −1 counters in bag Q are

white and one is black, find the probability in terms of n and k that the black counters end up

in the same bag**. (iv) Find the value or values of k for which this probability is maximised.

[** I.e both in P or both in Q.]

bit.ly/2-2008-13

Homework

Do at least one of the questions from this section. Aim to write out a completely reasoned-through

solution. If you find you can do only part of a question, then write out that part and submit it.
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5 Factorising, algebraic manipulation, integration

Starter

MAT 2014 j

Learning objectives

You need to factorise more in STEP than in A-level. You do more complicated working, and to keep it

under control it is usually best to factorise as much as you can, as early as you can. The A-level stuff

you need to be good at is:

• Use and manipulate surds, including rationalising the denominator. Work with quadratic func-

tions and their graphs; the discriminant of a quadratic function, including the conditions for

real and repeated roots; completing the square; solution of quadratic equations including solv-

ing quadratic equations in a function of the unknown.

• Solve simultaneous equations in two (or more) variables by elimination and by substitution;

including, for example, one linear and one quadratic equation. Solve linear and quadratic in-

equalities in a single variable and interpret such inequalities graphically, including inequalities

with brackets and fractions.

• Express solutions through correct use of ‘and’ and ‘or’ (or through set notation).

• Solve inequalities and interpret them graphically; including, but not limited to, those involving

rational algebraic expressions (e.g. ), trigonometric functions, exponential functions, and the

modulus function.

• Manipulate polynomials algebraically, including expanding brackets and collecting like terms,

factorisation, and simple algebraic division; use of the factor theorem and the remainder the-

orem; use of equating coefficients in identities.

• Know, understand and use the relationship between the roots and coefficients of quadratic

equations (the Vieta formulas).

• Simplify rational expressions (i.e. "fractions" with algebraic expressions instead of numbers)
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including by factorising and cancelling, and algebraic division (by linear and higher degree

expressions).

With A level, you can pretty much get away with not knowing what a "variable" really is, but with

STEP it’s more important to know.

Introduction

See bit.ly/step-var for "beamer" on what variables are.

•
x

1+x
= 1+x −1

1+x
= 1− 1

1+x

That way of writing it makes the function easier to graph, to differentiate, and to integrate.

• Vieta’s formulas for x3 +ax2 +bx + c = 0. Sum of roots =−a and product of roots =−c.

• Ellipse: x2

a2 + y2

b2 = 1. Hyperbola: x2

a2 − y2

b2 = 1.

• Integration using partial fractions and reduction formulae

• Integration using trig substitution

• Derivatives of inverse trig function

• a3 +b3 = (a +b)(a2–ab +b2)

• a3–b3 = (a–b)(a2 +ab +b2)

• loga x + loga y = loga x y

• loga x − loga y = loga
x
y

• k loga x = loga xk
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Practice

1. I/2017/1 - Use the substitution u = x sin x +cos x to find∫
x

x tan x +1
dx

Find by means of a similar substitution, or otherwise,∫
x

x cot x −1
dx .

Use a substitution to find ∫
x sec2 x tan x

x sec2 x − tan x
dx

and ∫
x sin x cos x

(x − sin x cos x)2
dx

bit.ly/1-2017-1

2. I/2007/6 (i) Given that x2 − y2 = (x − y)3 and that x − y = d (where d 6= 0), express each of x and

y in terms of d. Hence find a pair of integers m and n satisfying

m −n = (
p

m −p
n)3

where m > n > 100.

(ii) Given that x3−y3 = (x−y)4 and that x−y = d (where d 6= 0), show that 3x y = d 3−d 2. Hence

show that

2x = d ±d

√
4d −1

3

and determine a pair of distinct positive integers m and n such that

m3 −n3 = (m −n)4

bit.ly/1-2007-6
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3.

II/2009/7.

bit.ly/2-

2009-7

I/2011/10 - A particle, A, is dropped from a point P which is at a height h above a horizontal

plane. A second particle, B, is dropped from P and first collides with A after A has bounced on

the plane and before A reaches P again. The bounce and the collision are both perfectly elastic.

Explain why the speeds of A and B immediately before the first collision are the same.

The masses of A and B are M and m, respectively, where M > 3m, and the speed of the particles

immediately before the first collision is u. Show that both particles move upwards after their

first collision and that the maximum height of B above the plane after the first collision and

before the second collision is

h + 4M(M −m)u2

(M +m)2g

bit.ly/2011step or bit.ly/step-1stspiral

4.

I/2011/2.

bit.ly/

2011step
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5.

I/2009/7.

bit.ly/

1-2009-7

6. III/2015/1 - Let

In =
∫ ∞

0

1

(1+u2)n
du ,

where n is a positive integer. Show that

In − In+1 = 1

2n
In

and deduce that

In+1 = (2n)!π

22n+1(n!)2
.

Let

J =
∫ ∞

0
f
(
(x −x−1)2)dx ,

where f is any function for which the integral exists. Show that

J =
∫ ∞

0
x−2 f

(
(x −x−1)2)dx = 1

2

∫ ∞

0
(1+x−2) f

(
(x −x−1)2)dx =

∫ ∞

0
f
(
u2)du .

Hence evaluate ∫ ∞

0

x2n−2

(x4 −x2 +1)n
dx ,

where n is a positive integer. (bit.ly/3-2015-1)

7. I/2011/9 - A particle is projected at an angle θ above the horizontal from a point on a horizontal

plane. The particle just passes over two walls that are at horizontal distances d1 and d2 from

the point of projection and are of heights d2 and d1, respectively. Show that

tanθ = d1
2 +d1d2 +d2

2

d1d2

Find (and simplify) an expression in terms of d1 and d2 only for the range of the particle.

bit.ly/2011step.
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8. I/2012/4 - The curve C has equation x y = 1
2 . The tangents to C at the distinct points P

(
p, 1

2p

)
and Q

(
q, 1

2q

)
, where p and q are positive, intersect at T ; and the normals to C at these points

intersect at N . Show that T is the point
(

2pq
p+q , 1

p+q

)
In the case pq = 1

2 , find the coordinates of N . Show (in this case) that T and N lie on the line

y = x and are such that the product of their distances from the origin is constant.

bit.ly/1-2012-4

9. III/2017/7 - Show that the point T with coordinates(
a(1− t 2)

1+ t 2
,

2bt

1+ t 2

)
(∗)

(where a and b are non-zero) lies on the ellipse

x2

a2
+ y2

b2
= 1

• The line L is the tangent to the ellipse at T . The point (X ,Y ) lies on L, and X 2 6= a2. Show

that

(a +X )bt 2 −2aY t +b(a −X ) = 0

Deduce that if a2Y 2 > (a2 − X 2)b2, then there are two distinct lines through (X ,Y ) that

are tangents to the ellipse. Interpret this result geometrically. Show, by means of a sketch,

that the result holds also if X 2 = a2

• The distinct points P and Q are given by (∗), with t = p and t = q , respectively. The

tangents to the ellipse at P and Q meet at the point with coordinates (X ,Y ), where X 2 6=
a2 . Show that

(a +X )pq = a −X

and find an expression for p +q in terms of a, b, X and Y .

Given that the tangents meet the y-axis at points (0, y1) and (0, y2), where y1 + y2 = 2b ,

show that
X 2

a2
+ Y

b
= 1

bit.ly/3-2017-7
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10. III/2010/2 - In this question, a is a positive constant.

• Express cosh a in terms of exponentials. By using partial fractions, prove that∫ 1

0

1

x2 +2x cosh a +1
dx = a

2sinh a

• Find, expressing your answers in terms of hyperbolic functions,∫ ∞

1

1

x2 +2x sinh a −1
dx

and ∫ ∞

0

1

x4 +2x2 cosh a +1
dx

bit.ly/3-2010-2
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11.

III/ 2011/5.

bit.ly/

3-2011-5

Homework

Do at least one of the questions from this section. Aim to write out a completely reasoned-through

solution. If you find you can do only part of a question, then write out that part and submit it.
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6 Dual session: statistics/ mechanics

At the end of each STEP paper, about one-third of the questions are "probability and statistics" or

"mechanics" (3 out of 11 in STEP I, 4 out of 12 in STEP II and STEP III). Most candidates do not even

attempt these questions. You’ll make yourself a better mathematician, and improve your chances

in the exam, if you prepare sufficiently to give yourself the option of choosing one or two questions

from the end of the paper.

The probability questions require different thinking from A level, thinking which is also required for

other STEP problems which involve systematically considering cases and counting possibilities. But

they are often simpler, in the working they require, than the pure maths questions.

The statistics questions are generally more like A level questions (longer ones) than any other STEP

questions.

The mechanics questions are mostly about projectiles, collisions, centre of mass, or circular motion.

They do not require much knowledge of mechanics. The working in them sometimes requires more

agility than A level.

If you do Further Mechanics as an A level option, you should certainly practise on STEP mechan-

ics questions. If you do Further Statistics, you should certainly practise on STEP statistics. If you

do neither Further Mechanics nor Further Statistics, you should choose whichever of statistics or

mechanics you feel more confident with.
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Mechanics option

Starter

I/1999/9 - A tortoise and a hare have a race to the vegetable patch, a distance X kilometres from the

starting post, and back. The tortoise sets off immediately, at a steady v kilometers per hour. The

hare goes to sleep for half an hour and then sets off at a steady speed V kilometres per hour. The

hare overtakes the tortoise half a kilometre from the starting post, and continues on to the vegetable

patch, where she has another half an hour’s sleep before setting off for the return journey at her

previous pace. One and quarter kilometres from the vegetable patch, she passes the tortoise, still

plodding gallantly and steadily towards the vegetable patch. Show that

V = 10

4X −9

and find v in terms of X . Find X if the hare arrives back at the starting post one and a half hours after

the start of the race.

Learning objective: mechanics

• Learn how to adapt and reconfigure standard equations for trajectory of a projectile, as an

example of how you can do STEP mechanics questions by drawing on content you know well

but using it in slightly different ways from A level

• Review the mechanics A level content you need for STEP: circular motion, Hooke’s law, centre

of mass, collisions.

Introduction

Slides at bit.ly/step-mc

Practice

1. I/2011/9 - A particle is projected at an angle θ above the horizontal from a point on a horizontal

plane. The particle just passes over two walls that are at horizontal distances d1 and d2 from

the point of projection and are of heights d2 and d1, respectively. Show that

tanθ = d1
2 +d1d2 +d2

2

d1d2

Find (and simplify) an expression in terms of d1 and d2 only for the range of the particle.

bit.ly/2011step.
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2. I/2017/9 - A particle is projected at speed u from a point O on a horizontal plane. It passes

through a fixed point P which is at a horizontal distance d from O and at a height d tanβ above

the plane, where d > 0 and β is an acute angle. The angle of projection α is chosen so that u is

as small as possible.

(i) Show that u2 = g d tanα and 2α=β+90◦

(ii) At what angle to the horizontal is the particle travelling when it passes through P? Express

your answer in terms of α in its simplest form.

bit.ly/1-2017-9

3. I/1999/11 The force of attraction between two stars of masses m1 and m2 a distance r apart

is γm1m2

r 2 . The Starmakers of Kryton place three stars of equal mass m at the corners of an

equilateral triangle of side a. Show that it is possible for each star to revolve round the centre of

mass of the system with angular velocity
(

3γm
a3

) 1
2

. Find a corresponding result if the Starmakers

place a fourth star, of mass λm, at the centre of mass of the system.

bit.ly/prob-mech

4.

I/2006/10.

bit.ly/1-

2006-10

(Here, as often in STEP, the way to test for a tangent [the trajectory just touching the roof, i.e. the

roof being a tangent to the trajectory] is via the discriminant of the equation for intersection of

the line and the curve showing that equation has a double root. You use discriminants a lot in

STEP).

5. I/2011/11 - A thin non-uniform bar AB of length 7d has centre of mass at a point G, where AG

= 3d. A light inextensible string has one end attached to A and the other end attached to B. The

string is hung over a smooth peg P and the bar hangs freely in equilibrium with B lower than A.
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Show that

3sinα= 4sinβ

where α and β are the angles PAB and PBA, respectively. Given that cosβ = 4
5 and that α is

acute, find in terms of d the length of the string and show that the angle of inclination of the

bar to the horizontal is arctan 1
7 . – bit.ly/2011step

6. I/1994/9

I/ 1994/9.

bit.ly/

1-1994-9

By “range” the question means the x-value (horizontal distance travelled) required to reach

height h.

7. I/1999/2 - A point moves in the x, y plane so that the sum of the squares of its distances from

the three fixed points (x1, y1), (x2, y2), (x3, y3) is always a2. Find the equation of the locus of the

point and interpret it geometrically. Explain why a2 cannot be less than the sum of the squares

of the distances of the three points from their centroid. [The centroid has coordinates (x̄, ȳ)

where 3x̄ = x1 +x2 +x3,3ȳ = y1 + y2 + y3]

This isn’t classified by STEP as a mechanics question, but it can be interpreted as a Hooke’s law

problem. bit.ly/sum-sq

8. I/2007/9 - A particle of weight W is placed on a rough plane inclined at an angle of θ to the

horizontal. The coefficient of friction between the particle and the plane is µ. A horizontal

force X acting on the particle is just sufficient to prevent the particle from sliding down the

plane; when a horizontal force k X acts on the particle, the particle is about to slide up the

plane. Both horizontal forces act in the vertical plane containing the line of greatest slope.

Prove that (k −1)(1+µ2)sinθcosθ =µ(k +1)

and hence that k ≥ (1+µ)2

(1−µ)2

Solution at wp.me/ p4OKy0-1Fv
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9. Ball and bucket: based on an MIT course problem - Ashley drops a bucket from a height h

above the ground. At the same moment Brenda, at ground level and at a horizontal distance s

from the falling bucket, throws a ball with speed v at exactly the right angle θ to hit the bucket

as it falls. Brenda’s height is negligible compared to h. Find θ, the time T at which the ball hits

the bucket, and the minimum v to be able to hit the bucket before it reaches the ground.

bit.ly/ball-bkt

10. III/2007/9 - Two small beads, A and B, each of mass m, are threaded on a smooth horizontal

circular hoop of radius a and centre O. The angle θ is the acute angle determined by 2θ = AOB .

The beads are connected by a light straight spring. The energy stored in the spring is

mk2a2(θ−α)2

where k and α are constants satisfying k > 0 and π
4 < α < π

2 . The spring is held in compres-

sion with θ = β and then released. Find the period of oscillations in the two cases that arise

according to the value of β and state the value of β for which oscillations do not occur.

(This STEP III problem is easy if you avoid the way recommended by the official STEP solution,

but instead start by carefully and thoughtfully doing diagrams before you get into any working.

bit.ly/3-2007-9)
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Statistics option

Starter

I-2014-13 - A continuous random variable X has a triangular distribution, which means that it has

a probability density function of the form

f (x) =


g (x) for a < x ≤ c

h(x) for c ≤ x < b

0 otherwise,

where g (x) is an increasing linear function with g (a) = 0, h(x) is a decreasing linear function with

h(b) = 0, and g (c) = h(c).

Show that g (x) = 2(x −a)

(b −a)(c −a)
and find a similar expression for h(x).

Show that the mean of the distribution is 1
3 (a + b + c). Find the median of the distribution in the

different cases that arise.

Learning objectives: statistics

Review the elements of A level statistics most used in STEP questions, practise to see how they’re

used in STEP questions.

Introduction

Slides at bit.ly/step-stat
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Practice

The 4th and 5th questions are more like "probability" than "statistics". The others are straight statis-

tics, similar to A level statistics questions.

1. I/2015/12 - The number X of casualties arriving at a hospital each day follows a Poisson distri-

bution with mean 8; that is,

P (X = n) = 1

n!
e−88n ,n = 0,1,2, . . .

Casualties require surgery with probability 1
4 . The number of casualties arriving on any given

day is independent of the number arriving on any other day and the casualties require surgery

independently of one another. (i) What is the probability that, on a day when exactly n ca-

sualties arrive, exactly r of them require surgery? (ii) Prove (algebraically) that the number

requiring surgery each day also follows a Poisson distribution, and state its mean. (iii) Given

that in a particular randomly chosen week a total of 12 casualties require surgery on Monday

and Tuesday, what is the probability that 8 casualties require surgery on Monday? You should

give your answer as a fraction in its lowest terms.

bit.ly/ step-statsx.

2.

I/ 2011/13.

bit.ly/

step-statsx
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3.

I /2008/12.

bit.ly/

step-statsx

4. I/2013/13 - From the integers 1,2, . . .52, I choose seven (distinct) integers at random, all choices

being equally likely. From these seven, I discard any pair that sum to 53. Let X be the random

variable the value of which is the number of discarded pairs. Find the probability distribution

of X and show that E(X ) = 7
17

Note: 7×17×47 = 5593

bit.ly/1-2013-13

5. II/2007/12 - I have two identical dice. When I throw either one of them, the probability of it

showing a 6 is p and the probability of it not showing a 6 is q , where p+q = 1. As an experiment

to determine p, I throw the dice simultaneously until at least one die shows a 6. If both dice

show a six on this throw, I stop. If just one die shows a six, I throw the other die until it shows a

6 and then stop.

• Show that the probability that I stop after r throws is pqr−1(2− qr−1 − qr ), and find an

expression for the expected number of throws.

[Note: You may use the result
∑∞

0 r x4 = x(1−x)−2].

• In a large number of such experiments, the mean number of throws was m. Find an

estimate for p in terms of m.

bit.ly/more-step
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6.

I /2016/13.

bit.ly/

step-statsx

7.

II /2016/13.

bit.ly/

step-statsx

Homework

Do at least one of the questions from either the statistics section or the mechanics section of this

section (or maybe even one from each?). Aim to write out completely reasoned-through solutions. If

you find you can do only part of a question, then write out that part and submit it.
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7 Series, sequences, inequalities

Starter

I/2012/7 A sequence of numbers t0, t1, t2, . . . satisfies

tn+2 = ptn+1 +qtn (n ≥ 0),

where p and q are real. Throughout this question, x, y and z are non-zero real numbers.

• Show that, if tn = x for all values of n, then p +q = 1 and x can be any (non-zero) real number.

• Show that, if t2n = x and t2n+1 = y for all values of n, then q ±p = 1. Deduce that either x = y or

x =−y , unless p and q take certain values that you should identify.

• Show that, if t3n = x, t3n+1 = y and t3n+2 = z for all values of n, then

p3 +q3 +3pq −1 = 0

Deduce that either p+q = 1 or (p−q)2+(p+1)2+(q+1)2 = 0. Hence show that either x = y = z

or x + y + z = 0.

Learning objectives

• Know, understand and use the binomial expansion of (a+bx)n for positive integer ; the nota-

tions of n! and nCr and their algebraic definitions; link to binomial probabilities.

• Extend the binomial expansion of (+) to any rational, including its use for approximation; be

aware that the expansion is valid (converges) for <1 (proof not required).

• Use of n! and nCr in the context of permutations and combinations.

• Work with sequences including those given by an explicit formula for the nth term and those

generated by a simple relations of the form defining the nth term from the (n − 1)th or the

(n − 1)th and the (n − 2)th; increasing sequences; decreasing sequences; periodic sequences

(ones that repeat the same subsequence again and again)

• Understand and use sigma notation for sums of series.

• Understand and work with arithmetic sequences and series, including knowledge of the for-

mulae for the nth term and the sum to n terms.

• Understand and work with geometric sequences and series including knowledge of the formu-

lae for the nth term and the sum of a finite geometric series; the sum to infinity of a convergent

geometric series, including the use of |r|<1 .
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• Understand what is meant by the limit of a sequence, including the notation xn → A as n →∞
or l i mn→∞xn , and be able to find such a limit in simple cases. Use sequences and series in

modelling.

• Solve linear and quadratic inequalities in a single variable and interpret such inequalities graph-

ically, including inequalities with brackets and fractions.

• Express solutions through correct use of ‘and’ and ‘or’ (or through set notation).

• Solve inequalities and interpret them graphically; including, but not limited to, those involving

rational algebraic expressions (e.g. 1
a−x > x

x−b ), trigonometric functions, exponential functions,

and the modulus function.

Introduction

• Method of difference for series, also known as telescoping series, e.g.∑n
1

1
i (i+1) = 1

1 − 1
2 + 1

2 − 1
3 + . . .+ 1

n − 1
n+1 = 1− 1

n+1

• Maclaurin series expansion of ex

• Sum of geometric series

• Sum of arithmetic series

• Also useful to remember
∑n

1 r ,
∑n

1 r 2,
∑n

1 r 3

Practice

1. II/2008/1 - A sequence of points (x1, y1), (x2, y2), . . . in the cartesian plane is generated by first

choosing (x1, y1) then applying the rule, for n = 1, 2, . . .,

(xn+1, yn+1) = (x2
n − y2

n +a, 2xn yn +b +2) ,

where a and b are given real constants.

• In the case a = 1 and b =−1, find the values of (x1, y1) for which the sequence is constant.

• Given that (x1, y1) = (−1,1), find the values of a and b for which the sequence has period

2.

bit.ly/2-2008-1
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2. II/2017/6 - Let

Sn =
n∑

r=1

1p
r

,

where n is a positive integer.

Prove by induction that

Sn ≤ 2
p

n −1

Show that (4k +1)
p

k +1 > (4k +3)
p

k for k ≥ 0

Determine the smallest number C such that

Sn ≥ 2
p

n + 1

2
p

n
−C

bit.ly/2-2017-6

3. III/2004/6 - Given a sequence w0, w1, w2, . . . , the sequence F1, F2, . . . is defined by Fn = w 2
n +

w 2
n−1 −4wn wn−1. Show that Fn −Fn−1 = (wn −wn−2)(wn +wn−2 −4wn−1) for n ≥ 2

• The sequence u0, u1, u2, . . . has u0 = 1, and u1 = 2 and satisfies

un = 4un−1 −un−2 (n ≥ 2) .

Prove that u2
n +u2

n−1 = 4unun−1 −3 for n ≥ 1

• A sequence v0, v1, v2, . . . has v0 = 1 and satisfies

v2
n + v2

n−1 = 4vn vn−1 −3 (n ≥ 1). (∗)

(a) Find v1 and prove that, for each n ≥ 2, either vn = 4vn−1 − vn−2 or vn = vn−2 .

(b) Show that the sequence, with period 2, defined by

vn =

1 for n even

2 for n odd

satisfies (∗).

(c) Find a sequence vn with period 4 which has v0 = 1, and satisfies (∗).

bit.ly/3-2004-6
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4. II/2014/6 - By simplifying sin(r + 1
2 )x − sin(r − 1

2 )x or otherwise show that, for sin 1
2 x 6= 0,

cos x +cos2x +·· ·+cosnx = sin(n + 1
2 )x − sin 1

2 x

2sin 1
2 x

.

The functions Sn , for n = 1, 2, . . . , are defined by

Sn(x) =
n∑

r=1

1

r
sinr x (0 ≤ x ≤π).

• Find the stationary points of S2(x) for 0 ≤ x ≤π, and sketch this function.

• Show that if Sn(x) has a stationary point at x = x0, where 0 < x0 <π, then

sinnx0 = (1−cosnx0) tan 1
2 x0

and hence that Sn(x0) ≥ Sn−1(x0). Deduce that if Sn−1(x) > 0 for all x in the interval 0 <
x <π, then Sn(x) > 0 for all x in this interval.

• Prove that Sn(x) ≥ 0 for n ≥ 1 and 0 ≤ x ≤π.

bit.ly/2-2014-6

5. II/2013/6 - In this question, the following theorem may be used: Let u1, u2, . . . be a sequence

of (real) numbers. If the sequence is bounded above (that is, un ≤ b for all n, where b is some

fixed number) and increasing (that is, un ≥ un−1 for all n), then the sequence tends to a limit

(that is, converges).

The sequence u1, u2, . . . is defined by u1 = 1 and

un+1 = 1+ 1

un
(n ≥ 1) (∗)

• Show that, for n ≥ 3,

un+2 −un = un −un−2

(1+un)(1+un−2)
.

• Prove, by induction or otherwise, that 1 ≤ un ≤ 2 for all n.

• Show that the sequence u1, u3, u5, . . . tends to a limit, and that the sequence u2, u4, u6, . . .

tends to a limit. Find these limits and deduce that the sequence u1, u2, u3, . . . tends to a

limit. Would this conclusion change if the sequence were defined by (∗) and u1 = 3?

bit.ly/2-2013-6
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6. II/2012/4 - In this question, you may assume that the infinite series

ln(1+x) = x − x2

2
+ x3

3
− x4

4
+·· ·+ (−1)n+1 xn

n
+·· ·

is valid for |x| < 1.

Let n be an integer greater than 1. Show that, for any positive integer k,

1

(k +1)nk+1
< 1

knk
.

Hence show that ln
(
1+ 1

n

)< 1
n . Deduce that(

1+ 1

n

)n

< e.

Show, using an expansion in powers of
1

y
, that ln

(
2y+1
2y−1

)
> 1

y for y > 1
2 .

Deduce that, for any positive integer n,

e <
(
1+ 1

n

)n+ 1
2

.

Use parts (i) and (ii) to show that as n →∞(
1+ 1

n

)n

→ e

bit.ly/2-2012-4

7. III/2012/8 - The sequence F0, F1, F2, . . . is defined by F0 = 0, F1 = 1 and, for n ≥ 0,

Fn+2 = Fn+1 +Fn

Show that F0F3 −F1F2 = F2F5 −F3F4

Find the values of FnFn+3 −Fn+1Fn+2 in the two cases that arise.

Prove that, for r = 1, 2, 3, . . . ,

arctan

(
1

F2r

)
= arctan

(
1

F2r+1

)
+arctan

(
1

F2r+2

)
and hence evaluate the following sum (which you may assume converges):

∞∑
r=1

arctan

(
1

F2r+1

)

bit.ly/3-2012-8

Homework

Do at least one of the questions from this section. Aim to write out a completely reasoned-through

solution. If you find you can do only part of a question, then write out that part and submit it.
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8 Differentiation, numerical methods

Starter

I/2011/1 - Show that the gradient of the curve
a

x
+ b

y
= 1, where b 6= 0, is −ay2

bx2
.

The point (p, q) lies on both the straight line ax+by = 1 and the curve
a

x
+b

y
= 1, where ab 6= 0. Given

that, at this point, the line and the curve have the same gradient, show that p =±q .

Show further that either (a −b)2 = 1 or (a +b)2 = 1.

Show that if the straight line ax + by = 1, where ab 6= 0, is a normal to the curve
a

x
− b

y
= 1, then

a2 −b2 = 1
2 .

Learning objectives

• Understand and use the second derivative as the rate of change of gradient; connection to

convex and concave sections of curves and points of inflection.

• Differentiate xn , for rational values of n, and related constant multiples, sums and differences.

• Differentiate ekx , akx , sinkx, coskx, tankx and other trigonometric functions and related

sums, differences and constant multiples.

• Know, understand and use the derivative of ln x.

• Differentiate using the product rule, the quotient rule, and the chain rule, including problems

involving connected rates of change and inverse functions.

• Differentiate simple functions and relations defined implicitly or parametrically, for first and

higher derivatives.

• Construct simple differential equations in pure mathematics and in context.

• Locate roots of f (x) = 0 by considering changes of sign of f (x) in an interval of x on which f (x)

is sufficiently well-behaved. Understand how change of sign methods can fail.

• Solve equations approximately using simple iterative methods; be able to draw associated cob-

web and staircase diagrams.
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• Solve equations using the Newton-Raphson method and other recurrence relations. Under-

stand how such methods can fail.

• Understand and use numerical integration of functions; including the use of the trapezium

rule, and estimating the approximate area under a curve and limits that it must lie between.

Use numerical methods to solve problems in context.

Introduction

Work through Q.1 below.

Practice

1. I/2011/3 - Prove the identity

4sinθ sin( 1
3π−θ)sin( 1

3π+θ) = sin3θ . (∗)

• By differentiating (∗), or otherwise, show that

cot 1
9π−cot 2

9π+cot 4
9π=p

3.
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• By setting θ = 1
6π−φ in (∗), or otherwise, obtain a similar identity for cos3θ and deduce

that

cotθcot( 1
3π−θ)cot( 1

3π+θ) = cot3θ .

Show that

cosec 1
9π−cosec 5

9π+cosec 7
9π= 2

p
3.

bit.ly/2011step

2. I/2018/6 - Use the identity

2sinP sinQ = cos(Q −P )−cos(Q +P )

to show that

2sinθ
(

sinθ+ sin3θ+·· ·+ sin(2n −1)θ
)= 1−cos2nθ .

• Let An be the approximation to the area under the curve y = sin x from x = 0 to x = π,

using n rectangular strips each of width π
n , such that the midpoint of the top of each strip

lies on the curve. Show that

An sin
( π

2n

)
= π

n
.

• Let Bn be the approximation to the area under the curve y = sin x from x = 0 to x = π ,

using the trapezium rule with n strips each of width π
n . Show that

Bn sin
( π

2n

)
= π

n
cos

( π
2n

)
.

• Show that
1

2
(An +Bn) = B2n ,

and that

AnB2n = A2
2n .

bit.ly/1-2018-6
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3. II/2016/6 - This question concerns solutions of the differential equation

(1−x2)

(
dy

dx

)2

+k2 y2 = k2 (∗)

where k is a positive integer.

For each value of k, let yk (x) be the solution of (∗) that satisfies yk (1) = 1; you may assume that

there is only one such solution for each value of k.

• Write down the differential equation satisfied by y1(x) and verify that y1(x) = x .

• Write down the differential equation satisfied by y2(x) and verify that y2(x) = 2x2 −1.

• Let z(x) = 2
(
yn(x)

)2 −1. Show that

(1−x2)

(
dz

dx

)2

+4n2z2 = 4n2

and hence obtain an expression for y2n(x) in terms of yn(x).

• Let v(x) = yn
(
ym(x)

)
. Show that v(x) = ymn(x) .

bit.ly/2-2016-6

4. III/2012/1 - Given that z = yn
(

dy
dx

)2
, show that

dz

dx
= yn−1 dy

dx

(
n

(
dy

dx

)2

+2y
d2 y

dx2

)
.

• Use the above result to show that the solution to the equation(
dy

dx

)2

+2y
d2 y

dx2
=p

y (y > 0)

that satisfies y = 1 and
dy

dx
= 0 when x = 0 is y = (3

8 x2 +1
) 2

3 .

• Find the solution to the equation (
dy

dx

)2

− y
d2 y

dx2
+ y2 = 0

that satisfies y = 1 and
dy

dx
= 0 when x = 0.

bit.ly/3-2012-1
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5. III/2013/2 - In this question, you may ignore questions of convergence.

Let y = arcsin xp
1−x2

. Show that

(1−x2)
dy

dx
−x y −1 = 0

and prove that, for any positive integer n,

(1−x2)
dn+2 y

dxn+2
− (2n +3)x

dn+1 y

dxn+1
− (n +1)2 dn y

dxn
= 0.

Hence obtain the Maclaurin series for
arcsin xp

1−x2
, giving the general term for odd and for even

powers of x.

Evaluate the infinite sum

1+ 1

3!
+ 22

5!
+ 22 ×32

7!
+·· ·+ 22 ×32 ×·· ·×n2

(2n +1)!
+·· · .

bit.ly/3-2012-2

Homework

Do at least one of the questions from this section. Aim to write out a completely reasoned-through

solution. If you find you can do only part of a question, then write out that part and submit it.
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9 Choosing STEP questions

Starter

Choose a 2017 STEP paper and look over it.

Learning objective

How to choose which STEP questions to attempt.

Introduction

Slides at bit.ly/step-chs

• Start by looking at Q.1 and 2. They are designed to be a bit more accessible than the rest. Maybe

not to you? That’s all right. But give them a look over.

• Then look at the probability, stats, and mechanics questions at the end of the paper. Almost

certainly one or two of them will be easy for you.

• If you get "stuck" on a question, don’t let yourself stay "stuck" for more than about five minutes.

Move on, try something else, and then maybe come back. Maybe when you come back what

had previously baffled you will now seem clear.

• After you’ve attempted maybe three easier questions, read through the whole paper and choose

a list of questions to attempt.

• Often the longer and more complicated-looking questions are a good choice. They are longer

because they are broken down into a number of steps, with lots of scaffolding, and probably

none of the steps will be hard.

• Give yourself a review-point after maybe 2 hours 15 minutes. How are you going? Should you

use you remaining time to attempt a new question, or go back to one you started but bailed

out from?

• 10 or 15 minutes from the end of the three hours, unless you’re in full swing on a question, is a

good time to go back over your work and check for accuracy and clarity.
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Problem-solving tactics

These are some tactics, gambits, tricks you can use when you feel stuck. We’ve discussed most of

them in more detail during the course.

• Do a diagram. If you’ve already done a diagram, do a bigger and clearer one. Can you do a

different diagram which shows a different angle on the problem?

• Try to solve a simplified version of the problem. For example, if the question asks about a

proposition "for all n", look at the proposition for n = 0,n = 1,n = 2. . ., and see if you can build

up a general argument from there.

• Check that you’ve used any symmetry in the problem. And check for errors in your working by

seeing if you’ve destroyed symmetry written into the problem. If a and b appear symmetrically

in the problem, then they should appear symmetrically at each stage in your working, too.

• Other ways to check algebraic working are:

to insert easy-for-calculation values for the variables involved, and see if your working checks

out;

(in mechanics) dimensional analysis bit.ly/dim-an

• Think what you can ignore in the problem, and try to simplify it that way.

• In algebraic working, factorise and simplify as much as you can, as early as you can. Remember

factorisations like a3 −b3 = (a −b)(a2 +ab +b2).

• If you’re given an answer, work backwards from it, and then see if you can reverse your reason-

ing.

• Notice the difference between "find some roots of an equation" and "solve an equation". Plain

old trial and error is often what you need just to "find some roots".

• If the question says "Hence", that tells you to use the earlier part to solve the later part. Look

for the connection.

• Use discriminants. For example, the line which is a tangent to a curve can often be found by

putting the discriminant = 0 in the equation for points of intersection of the line and the curve,

rather than by calculus.

•
x

1+x
= 1− 1

1+x
, and that right-hand side is much easier to differentiate, to integrate, or to

sketch than the left-hand side. The same trick works with any expression of form
ax +b

cx +d
.

• If you want to eliminate an angle θ from two simultaneous equations, the first thing to try is

sin2θ+cos2θ = 1
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Practice

Choose a STEP paper from 2017, and choose which questions to attempt. Attempt one question.
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10 Whole STEP papers

Choose a STEP paper from 2019. Choose which questions to attempt. Attempt two questions.
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Vectors

Students often find STEP vector questions hard, although they require little A-level knowledge. Our

best guess (thanks to Claire Metcalfe for this) is that the bias of A level syllabuses leaves most students

not used to thinking geometrically. We’ve not included a session on vectors in this course, for lack of

time. If you’re more confident with vectors, it’s well worth while expanding your options by practising

a few STEP vectors questions. Here are a couple. More at https://stepdatabase.maths.org/database/index.html

1.

II/2007/8.

wp.me/

p4OKy0-

1Fv

2.

II/2009/8.

Gibson

week 12
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Model answers for starter problems

Session 1: Proof

• Prove that every perfect cube number is a multiple of 9, or is 1 more than a multiple of 9, or is

1 less than a multiple of 9.

Any number n must be of form 3p −1,3p, or 3p +1

In the first case n3 = 9p3 −9p2 +9p −1, and the cube is one less than a multiple of 9

In the second case n3 = 9p3, and the cube is a multiple of 9

In the third case n3 = 9p3 +9p2 +9p +1, and the cube is one more than a multiple of 9

In every case the cube is a multiple of 9, or is 1 more than a multiple of 9, or is 1 less than a

multiple of 9

This sort of argument - consider all the possible cases, and prove your claim holds in every case

- is called proof by exhaustion.

• Prove that there is no smallest positive number.

If there is a smallest positive number, call it x. Then x
2 is a smaller positive number. So x was

not the smallest after all. The assumption that there is smallest positive number leads to a

contradiction, so cannot be true.

This sort of argument is called proof by contradiction. More famous examples are the proofs

that
p

2 cannot be written as a fraction p
q , and that there is no biggest prime number. If you

haven’t come across those proofs in school, look them up.

• Which of these are true?

x2 = 4 =⇒ x = 2 x2 = 4 ⇐= x = 2 x2 = 0 ⇐⇒ x = 0 x2 = 4 ⇐⇒ x = 2

x2 = 4 =⇒ x = 2 is UNTRUE because x =−2 is a counterexample

x2 = 4 ⇐= x = 2 is TRUE because 2×2 = 4

70



x2 = 0 ⇐⇒ x = 0 is TRUE because 02 = 0 and no positive or negative number has square 0

x2 = 4 ⇐⇒ x = 2 is UNTRUE because ⇐⇒ means that both the =⇒ and the ⇐= claim are

true. The =⇒ claim is untrue.

• Prove that a triangle has two equal sides if and only if it has two equal angles.

If the triangle has two equal sides AB, AC, then let M

be the midpoint of BC. BM = MC and AB = AC, and of

course AM = AM, so triangles AMB, AMC are congru-

ent (SSS), and 6 B = 6 C

If the triangle has two equal angles 6 B , 6 C , then let D be the

point where the bisector of 6 A meets BC. 6 B = 6 C , 6 B AD =
6 C AD , and AD=AD, so so triangles ADB, ADC are congruent

(AA corr S), and AB = AC

• 43 < 34. Prove that 10099 < 99100. Is (n +1)n < nn+1 for all positive whole numbers n?

It is not true that (n + 1)n < nn+1 for all positive whole numbers n because 21 > 12 (and also

32 > 23).

For proving that 10099 < 99100, it is easier to prove something more than you’re asked.
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We’ll prove (n + 1)n < nn+1 for all n ≥ 3. We’ll do it by induction. In STEP you use proof by

induction outside the stereotyped few types of problem you use it for in A level.

Proof. 1. Basis step: prove the claim for n = 3

43 < 34

2. Induction step: prove that if the claim is true for n = k, then it is true for n = k +1.

If the claim is true for n = k then (k +1)k < kk+1 [1]

We want to show (k +2)k+1 < (k +1)k+2

0 < k +2

k +1
= 1+ 1

k +1
< 1+ 1

k
= k +1

k

so we can multiply [1] by

(
k +2

k +1

)k+1

on the left-hand side, and

(
k +1

k

)k+1

on the right-hand

side, and the inequality will still hold

(k +2)k+1

k +1
< (k +1)k+1

(k +2)k+1 < (k +1)k+2
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Section 2: Diagrams etc.

• Prove that the angle subtended by an arc at the centre of a circle is twice the angle subtended

at the circumference.

Call the equal angles in the left isosceles triangle α, and those in the right isoceles triangle β.

Then angle at the circumference =α+β

Angle at the centre = 360− (180−2α)− (180−2β) = 2(α+β) = 2× angle at circumference

Other case: the centre may be outside the angle formed at the circumference

Then the two angles α are equal as marked, by isosceles triangles, and also the two angles β.

Angle at circumference = 6 APB = β−α. 6 AOP = 180−2α and 6 BOP = 180−2β, so angle at

centre 6 AOB = 2β−2α= 2× angle at circumference.
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• Find all sets of positive integers a, b that satisfy the equation

1

a
+ 1

b
= 1

a,b positive integers

At least one of 1
a and 1

b must ≥ 1
2 , so at least one of a and b must ≤ 2. Neither can be 1, since

neither 1
a nor 1

b can be zero. So either a = 2, and then b = 2 too, or b = 2, and then a = 2 too.

Do this by considering cases, not by attempting algebraic manipulation.

• Siklos APM 2008 edition p.1 Q.1 - (i) Find all sets of positive integers a,b,c that satisfy the equa-

tion
1

a
+ 1

b
+ 1

c
= 1

a,b,c positive integers

We can order the numbers so a ≥ b ≥ c without loss of generality.

Then 1
c is the biggest (or equal biggest) fraction, and must ≥ 1

3 . So c = 3 or c = 2. (c = 1 is

impossible because 1
a and 1

b can’t be zero).

If c = 3, then a = 3 and b = 3

If c = 2, then b ≤ 4 by similar reasoning, so either a = 6 and b = 3 or a = 4 and b = 4
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Section 3: Curve-sketching

I/1999/4 - Sketch the following subsets of the x − y plane:

(i) |x|+ |y | ≤ 1

(ii) |x −1|+ |y −1| ≤ 1

(iii) |x −1|− |y +1| ≤ 1

(iv) |x||y −2| ≤ 1

(i) Within the first quadrant, draw the line x + y = 1. Shade the side of the line where x + y ≤ 1.

Generate the rest of the sketch by reflecting the result into the other quadrants.

(ii) Take the sketch from (i) and shift it to centre on (1,1) instead of (0,0)

(iii) Within the first quadrant, draw the line x − y = 1. Shade the side of the line where x − y ≤ 1.

Reflect the result into the other quadrants. Take the resulting sketch and shift it to centre on (1,-1)

instead of (0,0)
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(iv) Within the first quadrant, draw the curve x y = 1. Shade the side of the line where x y ≤ 1. Reflect

the result into the other quadrants. Take the resulting sketch and shift it to centre on (0,2) instead of

(0,0)
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Section 3: Counting, whole-number calculations, probability

I/2000/1 - To nine decimal places, log10 2 = 0.301029996 and log10 3 = 0.477121255. Calculate log10 5

and log10 6 to three decimal places. By taking logs, or otherwise, show that

5×1047 < 3100 < 6×1047.

Hence write down the first digit of 3100. Find the first digit of each of the following numbers: 21000;

210000; and 2100000.

log10 5 = log10

(10
2

)= log10 10− log10 2 = 1−0.301029996 = 0.699 to three decimal places.

log10 6 = log10(3×2) = log10 3+ log10 2 = 0.477121255+0.301029996 = 0.778 to three decimal places.

log10(5×1047) = 47.699 < 47.712 = log10 3100 = 100log10 3 < 47.778 = log10(6×1047)

So log10(5×1047) < log10 3100 < log10(6×1047)

The first digit of 3100 is 5.

log10 21000 = 1000log10 2 = 301.029996

0.029996 < log10 2, so the first digit of 21000 is 1.

log10 210000 = 10000log10 2 = 3010.29996

The first digit of 210000 is 1.

log10 2100000 = 100000log10 2 = 30102.9996

0.9996 > log10 32, so the first digit of 2100000 is 9
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Section 5: Factorising, etc.

Let A = ∫ 1
−1 f (t )dt

Then 6+ f (x) = 2 f (−x)+3Ax2

Integrate this equation from −1 to 1, noticing that integrating f (−x) over that interval gives the same

result as integrating f (x)

12+ A = 2A+3A ·
[

x3

3

]1

−1

So 12+ A = 2A+2A, and A = 4

The idea of "variable" is widely used in maths, but in most maths education never really explained.

And it’s quite tricky. If you want to explore it more, look at bit.ly/what-var
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Section 6: Statistics and mechanics, mechanics option
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Section 6: Statistics and mechanics, statistics option

I-2014-13 - A continuous random variable X has a triangular distribution, which means that it has

a probability density function of the form

f (x) =


g (x) for a < x ≤ c

h(x) for c ≤ x < b

0 otherwise,

where g (x) is an increasing linear function with g (a) = 0, h(x) is a decreasing linear function with

h(b) = 0, and g (c) = h(c).

Show that g (x) = 2(x −a)

(b −a)(c −a)
and find a similar expression for h(x).

Show that the mean of the distribution is 1
3 (a + b + c). Find the median of the distribution in the

different cases that arise.
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Section 7: Series, sequences, inequalities

I/2012/7 A sequence of numbers t0, t1, t2, . . . satisfies

tn+2 = ptn+1 +qtn (n ≥ 0),

where p and q are real. Throughout this question, x, y and z are non-zero real numbers.

• Show that, if tn = x for all values of n, then p +q = 1 and x can be any (non-zero) real number.

• Show that, if t2n = x and t2n+1 = y for all values of n, then q ±p = 1. Deduce that either x = y or

x =−y , unless p and q take certain values that you should identify.

• Show that, if t3n = x, t3n+1 = y and t3n+2 = z for all values of n, then

p3 +q3 +3pq −1 = 0

Deduce that either p+q = 1 or (p−q)2+(p+1)2+(q+1)2 = 0. Hence show that either x = y = z

or x + y + z = 0.

x, y, z all non-

zero

(i) If tn = x for all n, then x = px +qx. Since x 6= 0, p +q = 1. And

in that case for any x, a sequence starting x, x . . . will satisfy the

condition.

(ii) If tk is x for k even, y for k odd, then

(
q p

p q

)(
x

y

)
=

(
x

y

)
so

(
q −1 p

p q −1

)(
x

y

)
=

(
0

0

)
∣∣∣∣∣q −1 p

p q −1

∣∣∣∣∣= 0 and (q −1)2 = p2. Then q −1 =±p as required, so

(
±p p

p ±p

)(
x

y

)
=

(
0

0

)
.

Since x, y non-zero, x + y = 0 or x − y = 0. Or p = 0 and q = 1 and we get no info on x, y

(iii) In the third case: z = py +qx y = px +qz x = pz +q y [**]
0 q p

p 0 q

q p 0




x

y

z

=


x

y

z

 , so

∣∣∣∣∣∣∣∣
−1 q p

p −1 q

q p −1

∣∣∣∣∣∣∣∣= 0 =

∣∣∣∣∣∣∣∣
p +q −1 p +q −1 p +q −1

p −1 q

q p −1

∣∣∣∣∣∣∣∣
(p + q − 1)(p2 + q2 + p + q − pq + 1) = p3 + q3 + 3pq − 1 = 0 so either p + q − 1 = 0, or, doubling,

(p −q)2 + (p +1)2 + (q +1)2 = 0

From the equations [**], (x + y + z) = (p +q)(x + y + z), so if p +q 6= 1 then x + y + z = 0

If p +q = 1 then


0 0 0

p −1 1−p

1−p p −1




x

y

z

=


0

0

0

, so


0 0 0

1−p +p2 −1+p −p2 0

1−p p −1




x

y

z

=


0

0

0


(1−p +p2)x − (1−p +p2)y = 0. Since for all p, 1−p +p2 6= 0, x = y and by symmetry x = y = z
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Section 8: Differentiation, numerical methods

I/2011/1 - Show that the gradient of the curve
a

x
+ b

y
= 1, where b 6= 0, is −ay2

bx2
. The point (p, q)

lies on both the straight line ax +by = 1 and the curve
a

x
+ b

y
= 1, where ab 6= 0. Given that, at this

point, the line and the curve have the same gradient, show that p = ±q . Show further that either

(a −b)2 = 1 or (a +b)2 = 1. Show that if the straight line ax +by = 1, where ab 6= 0, is a normal to the

curve
a

x
− b

y
= 1, then a2 −b2 = 1

2 .

82


	Proof
	Diagrams, special cases, and systematically considering cases
	Curve-sketching
	Counting, whole-number calculations, probability
	Factorising, algebraic manipulation, integration
	Dual session: statistics/ mechanics
	Series, sequences, inequalities
	Differentiation, numerical methods
	Choosing STEP questions
	Whole STEP papers

